
 
 
 

 
 

Problèmes d’identification métrique  
dans les graphes 

 

Metric identification problems in graphs 
 

 
 

 
David Auger 

 
 
 
 
 
 

 
 

 
 

 
 

Mai 2005 
 

 Octobre 2007 
 
 
 
 
 
 

Département Informatique et Réseaux 
Groupe MIC2 : Mathématiques de l’Information,  

des Communications et du Calcul 
 

 
 
 

 
 
 
 

 
 
 

2007D013 



���������
	������������������������ �"!���� ���#��$%���&� '�(�
��!��)�*�
��*+,�"!,-�.���

/10325476�8:9<;>=@?
ACBED�FHGJILK MONHD�ILK FHGQPORTSVUXWONHGXRTW�G:YTGEPZM�UXFHUEBED�[>[QRTITNHB\K MONHD�I]P
^`_ WOR]G:aZK WOWbK RTFcM\dVe�f _hg ^%i K WONHP1jkGEYTGml�n g dToTWbK I]BEG

K RTp3GXWmqrGXI]POM\s tuW

vQw�xmy{z�w
|C}�~`�C����~`�h� }��`��� ~3�b��� ~3�m���3��}��3� �b�1�m�C�h���E���b���O�c�r�c���E�7���E�>�3�\�`��� �m�C ��¡�\�3¢3�m�b£`¤C�3���m�C�X¥�}�� ���3����¦

�§�b� ���%� �%¨b���h���
 ��b�3�b�¡�\�7©ª�3}�~`�Q�3}�~`�:� � ���b���m���§}��`�J�3� ~`���§�«�m¨�� ¬«� ~3�b�1�b� �<�\~h��¡�m��®O�
����®��`�7� ¯5�E�`���O©
���Z�b���`�\�§����¨�~3� � �b�Z°����<¨�}��1�3� ��h� ���1�\�  �}���� ��¢3�1��� ~3�1�h~±¨b�\��¨�~3�ª�T² ~3�±¨�}h�h�1���h�b� ��� ¬«�\� �³�h�J¨b�\�¡�h� �`�\�
�1� �3� �@~3�<£´|C}�~`�@�\�«}��¡�h}��`�Z�b�`�§~3� ���Q�7² ����~`�h���h�Q� ~3�b��� ~3�m�@�3��}��3��� �����m�³�µ����~`¨O��~3���b� � �m�@�h�m�r¶\����·`¸3®O�
�b�E�3�{¹Oºh�J®¡�Eº�»�©�¨\² �m�µ�§¦¼°E¦¼�h� �������h�1���§�¡�\� �½~3�Q¨�}h�h�k���h�b� ��� ¬«�\� �m£ ¾ª���`�\�§����¨�~3� � �b�m©��3}�~`�¿�3��}�~3¥�}��`�ª~3�3�
¨�}��EÀµ�m¨O��~3���J�§�b� }��%����� ~3�b� � �@��}�~h�³ ��¡�\�3¢3�r���\�`�

r
¦ Àµ~3�1�m�\~h±���h�1���Z~3�3�J¨¡¢`�XÁc�3�1°

2r + 1
�§}��1�1���¡�

�b�<�¡�\� ��� ~3�³�§}�~`�µ¦u ��¡�\�3¢3��£�¾ª�h¬`�]©��3�\�`��~3�3�³�h�b���3� �b���Z�`�\�§��� �Â�3}�~`���b¥�}h� ~3}��`���h�b~h<¥E�\�����\� ���m���h�m�
¨�}h�h�m�½���h�b� ��� ¬«�\� �¡�b©3� �m�³�¡�m��®O�ZÃ �m�¡�EÃ ���b�E�¼®�ºh�¡�OÄ§���E�r�c���E�¼®�ºh�¡�½���C� �m�@�¡�m��®O�@��®½·`�X�O�c�7���E�`£





� %���&� ���L������������ �"!���� ��� ���������
�� ������� �"!,-�.)�

/10325476�8:9<;>=@?
� BED�FHGJILK MONHD�ILK FHGQPORTSVUXWONHGXRTW�G:YTGEPZM�UXFHUEBED�[>[QRTITNHB\K MONHD�I]P
^`_ WOR]G:aZK WOWbK RTFcM\dVe�f _hg ^%i K WONHP1jkGEYTGml�n g dToTWbK I]BEG

K RTp3GXWmqrGXI]POM\s tuW

vQw�xmy{z�w
���Z�µ��~`�����§}��1�J�E���b���O�c�r�c���E�7���E�:�3��}��3� �b�J�½� �� ��¡�\�3¢`�b£h¤
	c���b���\��� � ����}h�h~`¨O��� }��:��}r��¢3�Z ��b�3�b�¡�\�

	H�¡�\�1���5}����©��5��	H}h¨�~`�@}�������®��`�7� ���E�c��¶��¡�m��®O�@�\�`��}�����¢3���\�  �}���� ��¢3�1��¨:¨�}��1�3� ��h� ����}�	��§�m�\�¡¨¡¢3� �3 
�§~`¨¡¢
�J¨�}h�h�Z}�	´�1� �3� �J�\�{�§� �b��£����Z��¢3�b�
�µ��~`���<��	H��� �µ����~`¨O��~3�¡�\�T�3��}��«�b�§��� �m��}�	����´�c�`Ä �¡��®¡®k¶\����·`¸ �O©
����¨¡¢1�\���¿�3���m¨����§�b� �Â��¢3} �§�5 ��¡�\�3¢`�L� ����¢3��¨¡¢@���h�b� ��� 	���� �3 Z¨�}h�h�m�{��h���µ�m£����5�3��}E¥��5�k¨�}��EÀµ�m¨O��~3������¢3��¨¡¢
�����§�b�§�¡�C��¢`�E�Z�

r
¦7����� �h¦�	H���b�r ��¡�\�3¢%���h�1� �¡�Â�Q�`�E��¢%}��

2r + 1
¥��b�§����¨��m�k���k�\�%� �`�h~`¨��m���§~3�3 ��¡�\�3¢]£

�½¢3�r�����µ�Â�`�\�§�Â���Â�h�b¥�}\���m�<��}�¥E�\�����\� �¡��}�	¿���h�b� ��� 	���� �3 <¨�}h�h�m�k�§~`¨¡¢����@Ã �m�¡�E�7�c��¶\Ä§���E�r�c���E�7�c��¶��¡�m��®O�
�\�`�:·`�X�O�c�7���E�±�¡�m��®O�O£





jkGZMOWbK��hK NcF{K1UXM�UZW�U\K FcNHP�UÂSVD�RTWCRTI>[
UX[
D�NcW�G³YTG³POMbK p3GZY�R��"K�POM�GXW�����D«YTUXFcNHPbK MONHD�I%GXM���UXM	�]D«YTGEP��"K�

M	�]UX[%K MON�`R]GEPrGXI � BED�I]D�[>NHG�GXM@o5NcILK I]BEG:YTGJF�� �@ITN��3GXW�PONcM�U i K WONHP�� i K I`M	�]UED�I�
��«D�W	�VD�ITI]GhdLGXI�POSVUEBXN�K FcNcM�U
� GEB��]GXW�B��]G��@SVUXWbK MONHD�ITI]GXFcFHGhs´jkGQPOMbK p3G�K
UXM�UQG��´GEBXMOR]U�YTG:[%K N��
P�GXSTM�GX[ �TW�G!�#"#"3e��<F�� � BED�FHG%$1K MONHD�ILK FHG
�`RTSVUXWONHGXRTW�GrYTGEP'&ZUXFHUEBED�[>[QRTITNHB\K MONHD�I]P@YTG i K WONHP\d«P�D�R]P�F�K:Y�NcW�GEBXMONHD�I�Y(� �@FcN��«NHGXW�)@R]Y�W	*3s+$rD�R]PÂK��3D�I]PÂUXMOR,

Y�NHUrFHG1STW�D-�TF.X[
GJYTGrF�K�W�GEB��]GXW�B��]G:YTG1BED«YTGEP

r

µNHYTGXI`MON0/{K I`M�P@Y]K I]PZFHGEPkphWbK S1�]GEP@K NcI]PON(�`R]GrFHGEPÂSLK WbK [�.XMOW�GEP

POMOWOR]BXMORTW�GXFHP@YTGEPZphWbK S1�]GEP@PbK I]P
r

�2¡RT[
G\K R�l´dTB#� GEPOM3
4��
§Y�NcW�G�K�Y�[
GXMOMbK I`M@RTI�BED«YTG

r

µNHYTGXI`MON0/{K I`M\s

5 K I]PZRTI]G1STW�GX[>N.XW�GJSLK WOMONHGhdTI]D�R]P@K FcFHD�I]PZSTW�UEP�GXI`M�GXW³F�K<BXF�K�P�P�GrSTFcR]PZF�K WOp3G:YTGEPÂSTW�D-�TF.X[
GEP@YTGJY�NHP�BXWON0

[>NcILK MONHD�Iªd`FcNHUEPÂK R�l%BED«YTGEP�Y�NHP�BXWONc[>NcILK I`M�PZY]K I]PCFHGEP�phWbK S1�]GEP��TNcSLK WOMONHP76`F�K:YTGXR�l�N.X[
G@SLK WOMONHG@P�GXWbK:GXI]PORTNcM�G
STFcR]P�SLK WOMONHBXRTFcN.XW�GX[
GXI`MÂBED�I]PbK�BXW�UEG@K R�l>BED«YTGEP�NHYTGXI`MON0/{K I`M�P\s 5 K I]P�RTI]GÂMOW�D�NHPON.X[
GZSLK WOMONHGhdhI]D�R]P�STW�UEP�GXI`M�G�

W�D�I]P��`R]GXF�`R]GEP�W�UEPORTFcMbK M�PCBED�I]BEGXWOILK I`MkFHGEP½SLK WbK [�.XMOW�GEPkPOMOWOR]BXMORTW�GXFHPCYTGEP�phWbK S1�]GEP�PbK I]P

r

�2¡RT[
G\K R�l863GXI,/]Iªd

RTI]G:YTGXWOITN.XW�GJSLK WOMONHGJSTW�UEP�GXI`M�GXWbK
YTGXR�l�K RTMOW�GEP³M9*«SVGEP³YTGJBED«YTGEPZ[
UXMOWON�`R]GEP³SVD�RTW³FHGEPZphWbK S1�]GEP\s
�§F´P:� K��;.XW�G<�`R]GrF�K�W�GEB��]GXW�B��]GQYTGEPZBED«YTGEP³YTG1B\K W�Y�NcILK Fª[>NcITNc[QRT[�d]SVD�RTWZB��LK�BXRTI�YTGEP=�`RLK MOW�G1M9*«SVGEPZYTG

BED«YTGEPZSTW�UEP�GXI`M�UEP\dTBED�I]POMONcMOR]GJRTI�STW�D-�TF.X[
G<$ i 
§Y�N0>%BXNcFHGhs?$rD�R]PZG��´GEBXMOR]D�I]PZFHGEPZSTW�GXR1�3GEP³YTGJBEGEPÂtµK NcM�PÂSLK W
W�UEY�R]BXMONHD�I%SVD�F�*«I]D�[>N�K FHGhd`GXI
SLK WOMbK I`MkY�R
STW�D-�TF.X[
G�@BADC;E(A,FHG8I 2 ADC�
J�`RTNTtµK NcM�SLK WOMONHG@YTGEPK�«NcITphM3
§GXM3
µRTI
STW�D-�TF.X[
GEPCYTD�I`M�F�KL$ i 
§BED�[>STFHUXMOR]YTG@K@UXM�UkSTW�D�R1�3UEGÂSLK W � sNM:K WOS>GXI�n:O3e-��
´GXI<STW�D«BEUEY]K I`M�P�GXFHD�I�F�� D�W�Y�W�G
PORTN��hK I`M P

QDR�SUT9R	VXWKY-Z-R�S
WKY:[+R

1 \9] Y:^�_ ] `ba _#T9R�cdS \ [;Y-e `gf _#T9R�cdS

WKY:[+R
1 \9` [+R f T ` h _ f T

WKY:[+R%[+R�i1Y a�` T ` Y f

WKY:[+R%[ `ba ^US ` e `gf _ f T
&¿D�RTM�GEP<FHGEPQSTW�GXR1�3GEPB�`RTN�/]phRTW�GXI`M
Y]K I]P<BEG%[
UX[
D�NcW�G±P�D�I`Mkj7STFcR]P<D�R&[
D�NcI]P�l:D�WONcphNcILK FHGEP\d5[%K NHP�W�G�


STW�GXITI]GXI`M%YTGEP�W�UEPORTFcMbK M�P>YTU42�K�BED�ITI`R]P76½F�K�P�GXRTFHG±GmlTBEGXSTMONHD�I�UXMbK I`M>FHG�M	�]UED�W�.X[
G�n:mn
:YTD�I`M>F�K�STW�GXR1�3G
/]phRTW�G<GXI�K ITI]GmlTG�SVD�RTWrI]GQSLK�PJK FHD�RTW�Y�NcW1FHGQM�Gml�M�G 
=�`RTN½UXMbKN�TFcNcM1F�K��hK FcNHY�NcM�U�Y(� RTI]G<BED�I-2OGEBXMORTW�G�STR1�TFcNHUEG
GXI��#"#" _ SLK W1j��LK W�D�Iªd?)rD�I1ohK F�K�d1)@R]Y�W	*�GXMqpªD-�]POM�GXNcIªs





���������
	������������������

�������! #"$���&%('*),+.-� #/!01�&%(2*�32�4#%657)8490:49;�<>=?4#+�; @
nhscnBA6C@RTN¿GEPOM3
§BEG�D&A�s:sJs:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:s:sJs:sJs:sJs:s:s O
nhs � 5 N�K phI]DhPOMONHB�K RTM�D�[%K MON�`R]GQY(� RTI]GJ[%K F�K�Y�NHG s:sJs:s:sJs:sJs:sJs:s:sJs:sJs:s:sJs:sJs:sJs:s:s nhn
nhs g 5 NHP�BXWONc[>NcILK MONHD�I�Y]K I]P³RTI�GXI]P�GX[ �TFHG�KN�]POMOWbK NcM s:s:sJs:sJs:sJs:s:sJs:sJs:s:sJs:sJs:sJs:s:s nhn
nhs ^ jkD«YTGEP@Y�NHP�BXWONc[>NcILK I`M�P sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:s:sJs:sJs:sJs:s:s nhn
nhs f jkD�[>STFHGml�NcM�UQY�R�STW�D-�TF.X[
G,sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:s:sJs:sJs:sJs:s:s n:�

EGFH+I2*�&%�4#2*�!;�=?4KJ�<L;�=6% �!M��scn ��YTGXI`MON0/LB\K MONHD�I"YTGEPZSLK ITI]GEP@Y]K I]PZRTI�W�UEP�G\K R�YTG1STW�D«BEGEP�P�GXRTW�PZs:s:sJs:sJs:s:sJs:sJs:sJs:s:s n ^��s � � K STSVGXFHP³PORTWZFHGEP³phWbK S1�]GEP sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:s:sJs:sJs:sJs:s:s n _��s g jkD«YTGEP³NHYTGXI`MON0/{K I`M�P<s:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:s:sJs:sJs:sJs:s:s n:m
��s ^ON WbK S1�]GEP@PbK I]P�2¡RT[
G\K R�l s:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:s:sJs:sJs:sJs:s:s n:O
��s f � lTGX[>STFHG�s:s:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:s:sJs:sJs:sJs:s:s �#"
��s _ �@I]G8�VD�WOI]G1NcI�t¼UXWONHGXRTW�G sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:s:sJs:sJs:sJs:s:s �#"
��s e i RTNHP�PbK I]BEGEP@Y(� RTI�phWbK S1�]G<s:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:s:sJs:sJs:sJs:s:s ��n
��s m jkD�[>STFHGml�NcM�UQY�R�STW�D-�TF.X[
G,sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:s:sJs:sJs:sJs:s:s ��n
��s O � UEPORTFcMbK M�P³SVD�RTW³YTGXR�l�tµK [>NcFcFHGEP@YTG1phWbK S1�]GEP@BXF�K�P�PON�`R]GEP s:sJs:s:sJs:sJs:s:sJs:sJs:sJs:s:s �hf

��s O�scn j��LK?PHI]GEP sJs:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:s:sJs:sJs:sJs:s:s �hf
��s O�s � j�*�BXFHGEP�s:sJs:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:s:sJs:sJs:sJs:s:s �3e

QB�����! #"$���&%('*),+.'*)84#R7=6R&%(%S=6)8��5T=?��),�! 9 #�&%�2*�&%�U.),<V'�W��&%(%6<L;�%YX6�*01�&<L�$Z EL@
g scn i FcR]P³FHD�ITphR]GEP@B��LK?PHI]GEP sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:s:sJs:sJs:sJs:s:s �#O
g s � $rD�[ �TW�GQYTGJP�D�[>[
GXM�P�sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:s:sJs:sJs:sJs:s:s �#O
g s g 5 GXphW�UJ[>NcITNc[%K F sJs:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:s:sJs:sJs:sJs:s:s g "

M\[]�!�$Z^<L�$=6),�&%(=`_$'a�&%�2*�357+I2*�&%�01R7=6)84#"$���&% QI�
^ scn jkD«YTGEP³FHD«B\K FcNHPbK M�GXRTW�P3
§YTD�[>NcILK M�GXRTW�P�s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:s:sJs:sJs:sJs:s:s g n
^ s � jkD«YTGEP@YTG1SVDhPONcMONHD�I s:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:sJs:s:sJs:sJs:s:sJs:sJs:sJs:s:s g �

b ;*;��7Z$�1c'*),�!�$d��e2��^=?W�R&+.),/!01�fELg Q�h

i R&jkR&),�!;�57�&% M.M

e





� ��� ���� � ������	�������a���� 	�� 	�����
����`��������������
����� ���������������! "�$#%�
pªG<STWONcI]BXNcSVG<Y�R 2OGXR A6C@RTN�GEPOM3
§BEG�D&A�d´Y�NHPOMOWON��TR]U>GXI�oTWbK I]BEG<SLK W<��a Y]K I]P1FHGEP:K ITI]UEGEP
n:O#m#"�dVGEPOM1FHG

PORTN��hK I`M PªYTGXR�lk2OD�R]GXRTW�PQP:� K��VW�D�I`M�GXI`M>GXI GEP�PbK�*`K I`M<YTG
YTGU�«NcI]GXWQF�� NcI]Y�N��«NHY�R �`RTNK/]phRTW�G%PORTWQF�K�B\K WOM�G%YTG
P�D�I�K�Y,�3GXW�PbK NcW�GhdLB��]D�NHPONHG�K Rn�LK�PbK W�Y�SLK WO[>N7�«NcITphM3
9�`RLK MOW�Ghs�& M�D�RTW@YTGJW�'�FHGhd]B��LK�BXRTI�Y(� GXR�l�YTD�NcM³SVDhP�GXW��
P�D�I�K�Y,�3GXW�PbK NcW�G@RTI]Gq�`R]GEPOMONHD�I%W�GXF�K MON��3GrK R�l%K MOMOWON��TRTM�P�S1�+*�PON�`R]GEPkYTGEPCNcI]Y�N��«NHY�R]P\d`BED�[>[
G³SLK WkGmlTGX[>STFHG P
A(&q
µM3
µNcFªRTI]G:B\K�P��`R]GXMOM�G�D&A�d$A � POM3
§BEG:RTI]GL/]FcFHG�D&AJD�R�GXI]BED�W�G A(&q
µM3
µNcF5K�RTI]GJ[
D�R]POMbK�B��]G�D&A�s

)Â4+*-, n�.0/ �ET©h~3�>�h�m�½�«�b�¡�§}��3�`�\ ��m�½�h~2143�~3�T�m�µ�§¦¼¨��6571
i D�RTW>p`K phI]GXW\d5RTI�2OD�R]GXRTW<YTD�NcM<M�GXI`M�GXW
YTG%[>NcITNc[>NHP�GXW>YTG%tµK78ED�I)G�>%B\K�BEG±FHG%I]D�[ �TW�G�YTG �`R]GEPOMONHD�I]P

�`R7� NcF �hK<SVDhP�GXW\sD$rD�R]PrK FcFHD�I]P@NHBXN5GXI+�«NHPbK p3GXW@RTI]G<�hK WON�K I`M�G�PONc[>STFcN0/LUEGQYTGQBEG=2OGXR�GXM@I]D�R]P³NcI`M�UXW�GEP�P�GXW8�<F�K
[>NcITNc[>NHPbK MONHD�I�Y�R�I]D�[ �TW�GQYTG<�`R]GEPOMONHD�I]P\s
5 K I]PÂI]D�MOW�G�2OGXR±I]G�/]phRTW�GXI`Mq�`R]G1BXNcID� `gf [ ` Z ` [-c a �`RTNVP�D�I`M9&@R]YTGhd�aÂGXI]D,PHM\dLjkUEBXNcFHGhd 5 NHY�NHGXWZD�R � FcNHP�Ghs

i D�RTW@FHGEPZNHYTGXI`MON0/LGXW@I]D�R]PZSVD�RTWOW�D�I]P³SVDhP�GXW³YTGEPq�`R]GEPOMONHD�I]P³W�GXF�K MON��3GEPL�<BXNcID� _#T T S `;: c,T a dD�`RTNªP�D�I`M P.=<XMOW�G:YTGJP�GmlTGrt¼UX[>NcITNcI juo�l 6
.,K��3D�NcW³FHGEP=*3GXR�lk�TFHGXR]P juaql 6
.,K��3D�NcW³FHGEP³B��]GU�3GXR�l�BED�RTWOM�P%jµj=l 6
.,K��3D�NcW@YTGEPZM?>�B��]GEPrYTG1W�D�R]P�P�GXRTW%j � l 6
. SVD�WOM�GXW@YTGEPZFcRTI]GXMOM�GEP%j pJlms
j��LK�BXRTI�YTGEPZNcI]Y�N��«NHY�R]P³SVDhP�P�.EYTG1D�R�I]D�I�B��LK-�`R]GQK MOMOWON��TRTM\dLBED�I�t¼D�WO[
UX[
GXI`M1K R�MbKN�TFHG\K R�PORTN��hK I`M P

juo�l�PTo½UX[>NcITNcI juaqlLP"@>s,�TFHGXR]P jµj=lLP{j��ªsTBED�RTWOM�P j � l�PD&Js � D�R]P�P�GXRTW j pJl�P1p´RTI]GXMOM�GEP
&@R]YTG

• • •aÂGXI]D,PHM
• •jkUEBXNcFHG

• • •5 NHY�NHGXW
•� FcNHP�G

• • •

5 K I]PJFHGL2OGXR�YTGB��a1d{FHGEP�2OD�R]GXRTW�P:UXMbKN�TFcNHP�P�GXI`M:FHGXRTW�P<�`R]GEPOMONHD�I]PQK R"tuRTW:GXM ��[
GEPORTW�G>YTGEPJW�UXSVD�I]P�GEP
�`R7� NcFHP��3D�I`MkD-�TM�GXITNcW\s i D�RTWkFHG³STW�D-�TF.X[
GL�`RTN?�hK1I]D�R]P�NcI`M�UXW�GEP�P�GXW\d`I]D�R]PÂK FcFHD�I]PÂK R�BED�I`MOWbK NcW�GrI]D�R]P�STF�K�BEGXW
Y]K I]PªRTI]G�PONcMORLK MONHD�I a T�_#T `BA cDR PEI]D�R]P¿YTGU�3D�I]P5UXMbKN�TFcNcW¿FHGEP �`R]GEPOMONHD�I]P5K��hK I`M¿FHGCYTUU�TRTM5Y�R=2OGXRQGXM¿D-�TMONHGXI]Y�W�D�I]P
M�D�RTM�GEP³FHGEPZW�UXSVD�I]P�GEP³Y(� RTI�BED�RTSªs i W�UEBXNHP�D�I]P³RTI�SVGXR�FHGEPZW�.XphFHGEP<P
j7Ngl $rD�R]P5B��]D�NHPONHP�P�D�I]P½GXI`MOW�GÂRTI]GkGXM½BXNcID�<�`R]GEPOMONHD�I]P5SLK WO[>NTBXNcID�<�`R]GEPOMONHD�I]P5SVDhP�PON��TFHGEPJ�`RTN�P�D�I`M½Y�R�M9*«SVG

AmF�KQSVGXW�P�D�ITI]GrB��]D�NHPONHG1SVDhP�P�.EYTG�
µM3
§GXFcFHGrF�� K MOMOWON��TRTM9C1D&A�sd$rD�R]PÂBED�[>SVDhP�D�I]P³K NcI]PON{RTIk�`R]GEPOMONHD�ITILK NcW�Ghs
j7NcNgl p�� K�Y,�3GXW�PbK NcW�G1W�UXSVD�I]Y�K Rk�`R]GEPOMONHD�ITILK NcW�Ghs1�§FVW�UXSVD�I]Yk�QM�D�RTM�GEPZI]DhP=�`R]GEPOMONHD�I]PZGXMÂNcFVFcRTN´GEPOMÂNcI`M�GXW�Y�NcM

YTG1[
GXI`MONcW\s

O



j7NcNcNgl � MbK I`M>YTD�ITI]U%FHGEP�W�UXSVD�I]P�GEP�YTG%F�� K�Y,�3GXW�PbK NcW�G�I]D�R]P�M�GXI`M�D�I]P<YTG�YTGU�«NcI]GXW!�`R]GXFkNcI]Y�N��«NHY�R&NcFÂB\K�B��]Ghs
jkGXFcRTN+�`RTN«KZYTGU�«NcI]U 2¡R]POM�GCGXI�K�*`K I`M5BED�[>SVDhP�UCFHG��`R]GEPOMONHD�ITILK NcW�G�BED�[>SVD�WOMbK I`M¿FHG�[
D�NcI]P¿YTG��`R]GEPOMONHD�I]P
p`K phI]GJF�K�SLK WOMONHGhs

5 K I]PJBEGXMJGmlTGX[>STFHG<PONc[>STFHGhdVD�I �3D�NcM8�`R]G�SVD�RTWrp`K phI]GXW ��BED�RTS�P��TWBjuD�R�K R"STNcW�G <XMOW�G<Gmld
�K�G��`R]D+l³NcF
POR,>
M³YTGJBED�[>SVDhP�GXW³RTIn�`R]GEPOMONHD�ITILK NcW�G:YTG1MbK NcFcFHG1[>NcITNc[QRT[ SLK WO[>NªFHGEPq�`R]GEPOMONHD�ITILK NcW�GEPZNHYTGXI`MON0/{K I`M1PbK I]P
YTD�RTM�GJF�K>B\K WOM�G:YTG1F�� K�Y,�3GXW�PbK NcW�Ghs?pªGJSTW�D-�TF.X[
G:GEPOM@YTD�I]B1FHG:PORTN��hK I`M P

WKY-e!e�R f T'^��,Y `ba�` S8c f R f1a R�e :�] R![�� _#T T S `;: c,T a iDR�S�e�RUT T�_ f T�[�� ` [+R f T ` h R�S ^��,_ A cDR `gf [ ` Z ` [-c���RUT�[;Y f T ] R^�_-S	[ `gf _ ] R a T ] R�i ] c a iDRUT ` T(i1Y a a�`;:�] R	�
i D�RTW@BED�[>[
GXI]BEGXW\d]W�GX[%K W��`R]D�I]P��`R]G1BXNcID� �`R]GEPOMONHD�I]PZSVGXWO[
GXMOM�GXI`M³M�D�R-2OD�RTW�P³Y(� NHYTGXI`MON0/LGXW@FHGEPZNcI]Y�N��«N0


Y�R]P\d«B\K WÂNcF{I7� GXI�Gml�NHPOM�G@SLK�PÂYTGXR�l �`RTN{STW�UEP�GXI`M�GXI`M³Gml]K�BXM�GX[
GXI`MZFHGEPk[ <X[
GEPZK MOMOWON��TRTM�P76�NcFVP�GX[ �TFHG1BEGXSVGXI,

Y]K I`M8�`R]G�F�� D�I"STRTNHP�P�G:tµK NcW�GQ[>NHGXR�l´dVGXI�UXFcNc[>NcILK I`MJSLK WJGmlTGX[>STFHG�F�� K MOMOWON��TRTM�j pJlms pªG�MbKN�TFHG\K R"W�UEPORTFcMbK I`M
YTG:BEGXMOM�G:UXFcNc[>NcILK MONHD�I�GEPOMZFHGJPORTN��hK I`M P

juo�lLPTo½UX[>NcITNcI juaql�P @>s,�TFHGXR]P jµj=l�PLj��]GU�3GXR�l�BED�RTWOM�P j � lLP1&>�B��]GEP
&@R]YTG

• •aÂGXI]D,PHM
•jkUEBXNcFHG

• • •5 NHY�NHGXW
� FcNHP�G

• • •

jkD�[>[
GJD�I�FHGL�3D�NcM\d�BEGEP=�`RLK MOW�G:K MOMOWON��TRTM�P³POR,>%P�GXI`M³GXI]BED�W�G8��NHYTGXI`MON0/LGXW³FHGEPkNcI]Y�N��«NHY�R]P76TP�D�NcM=�`RLK MOW�G
�`R]GEPOMONHD�I]P³SVD�RTW@FHG �`R]GEPOMONHD�ITILK NcW�Ghs i GXRTM3
§D�I�tµK NcW�GJ[>NHGXR�l�GXI�UXFcNc[>NcILK I`M8�<F�K
PORTNcM�G:RTI�K RTMOW�G�K MOMOWON��TRTM�D
$rD�IªdTB\K W P

. juo�l³GEPOMr[%K NcI`M�GXILK I`MJFHG�P�GXRTF�K MOMOWON��TRTM1SVGXWO[
GXMOMbK I`M:YTG�Y�NHPOMONcITphR]GXW &@R]YTG�YTG�aÂGXI]D,PHM\d{NcF½GEPOM1YTD�I]B
I]UEBEGEP�PbK NcW�G:YTGJBED�I]P�GXW	�3GXW³F�KB�`R]GEPOMONHD�I�BED�WOW�GEPOSVD�I]Y]K I`M�GK6

.�YTG1[ <X[
G�juaqlÂGEPOMZFHGJP�GXRTF5K MOMOWON��TRTM³SVGXWO[
GXMOMbK I`MrYTG:Y�NHPOMONcITphR]GXW &@R]YTG:YTGQjkUEBXNcFHGK6
. jµj=lÂGEPOMZ[%K NcI`M�GXILK I`MrFHGJP�GXRTF �`RTN´SVGXWO[
GXMOM�G:YTGJY�NHPOMONcITphR]GXWraÂGXI]D,PHM@YTG 5 NHY�NHGXW76
.�GXI,/]I j � lkGEPOMZFHGJP�GXRTF5K MOMOWON��TRTM³SVGXWO[
GXMOMbK I`MrYTG:Y�NHPOMONcITphR]GXW &@R]YTG:Y(� � FcNHP�Ghs$rD�R]PrK��3D�I]PrYTD�I]B�K MOM�GXNcI`M@RTI]GQBED�I,/]phRTWbK MONHD�I e `gfD` e�_ ] R YTG<�`RLK MOW�G�K MOMOWON��TRTM�P\dLD�
�K R]BXRTI"K MOMOWON��TRTM

I]G1SVGXRTMZSTFcR]P<XMOW�G:PORTSTSTWONc[
UK6TNcF´SVD�RTWOWbK NcM@P�GX[ �TFHGXW³FHD�phN�`R]GJYTG:BED�I]BXFcRTW�G<�`R]G1FHG1I]D�[ �TW�GJ[>NcITNc[QRT[ YTG
�`R]GEPOMONHD�I]P��<SVDhP�GXW³GEPOMq�`RLK MOW�Ghs

i D�RTWOMbK I`M\d]D�I±SVGXRTM�tµK NcW�Gr[>NHGXR�l�GXI�BED�[>[
GXI�8\K I`MrK RTMOW�GX[
GXI`M<P`F�� UXFcNc[>NcILK MONHD�I�K R±YTUXSLK WOMZYTGEP³K MOMOWON0

�TRTM�P juo�lÂGXM j � lÂK RTWbK NcM@BED�I]Y�RTNcM1K R�MbKN�TFHG\K R�PORTN��hK I`M P

juaqlLP @>s1�TFHGXR]P jµj=lLP{j��]GU�3GXR�l�BED�RTWOM�P j pJl�P i W�D�STWONHUXMbK NcW�G
&@R]YTG

• •aÂGXI]D,PHM
• • •jkUEBXNcFHG
• •5 NHY�NHGXW

•� FcNHP�G
•

�`RTNLI]D�R]P�SVGXWO[
GXM��TNHGXI±Y(� NHYTGXI`MON0/LGXWZB��LK-�`R]G@NcI]Y�N��«NHY�R�SLK WkP�GEPkK MOMOWON��TRTM�P\sd$rD�R]P�SLK W	�3GXI]D�I]PÂYTD�I]BL�JMOW�D�NHP
�`R]GEPOMONHD�I]P\d¿GXM�SVD�R1�3D�I]P<K NHP�UX[
GXI`M>BED�I]BXFcRTW�G �`R]G�BEGEBXNkGEPOMQFHG%[>NcITNc[QRT[ SVDhP�PON��TFHGhdªSTRTNHP��`R7� D�I&I]G
SVGXRTM
W�UXSVD�I]Y�W�Gn��YTGXR�l �`R]GEPOMONHD�I]PB�`R]G±YTG �`RLK MOW�G�[%K ITN.XW�GEP
Y�N0�´UXW�GXI`M�GEP j��@RTN�#�@RTNµd'�@RTN�N$rD�IªdK$rD�I��#�@RTNµd
$rD�I��N$rD�I lmd{GXMJK NcI]PON½YTGXR�l��`R]GEPOMONHD�I]PrI]GQSVGXR1�3GXI`M1SVGXWO[
GXMOMOW�G<Y(� NHYTGXI`MON0/LGXW:BXNcID��NcI]Y�N��«NHY�R]P!PLNcF5GXI�tµK RTM
K R�[
D�NcI]PZMOW�D�NHP\d]Y(� D�
�F�� D�STMONc[%K FcNcM�UQYTG1F�K>P�D�FcRTMONHD�I�BXN0
§YTGEP�POR]P\s

n:"



$rD�R]PQK STSVGXFcFHGXW�D�I]P i S	Y :�]�� e�R a [+R [ `ba ^US ` e `gf _#T ` Y f FHGEPJSTW�D-�TF.X[
GEP�YTG
BEG<M9*«SVGhs7�§FCP:� K phNcWbK±M�D�R-2OD�RTW�P
YTG�B��]D�NHPONcW�RTI�GXI]P�GX[ �TFHG"Y(� K MOMOWON��TRTM�P±FHG�STFcR]P�SVGXMONcM�SVDhP�PON��TFHG�YTG�[%K ITN.XW�G ��SVD�R1�3D�NcW�NHYTGXI`MON0/LGXW�YTGEP
NcI]Y�N��«NHY�R]P765FHGEP�NcI]Y�N��«NHY�R]P>GXM>K MOMOWON��TRTM�P>SVD�R1�hK I`M <XMOW�G±YTG%ILK MORTW�Gk�`R]GXFHBED�ID�`R]Ghs�p�� GmlTGX[>STFHG�STW�UEBEUEYTGXI`M
SVD�R1�hK I`MZP�GX[ �TFHGXW=�`R]GXF�`R]GrSVGXR�K W	�TNcMOWbK NcW�Ghd«I]D�R]PÂSTW�UEP�GXI`M�D�I]P³K R�SLK WbK phWbK S1�]GJPORTN��hK I`MÂRTI]GJK STSTFcNHB\K MONHD�I
SVDhP�PON��TFHG<��F�K!�TNHD�NcI�t¼D�WO[%K MON�`R]Ghs

����� � �����
	�� ��� �� ��� ���
���6� ��� � ����� ��	 �������������;�
jkD�I]PONHYTUXW�D�I]P�RTI
Y�NHBXMONHD�ITILK NcW�GZ[
UEY�NHB\K Fµd�STW�UEP�GXI`MbK I`M�YTGEP½[%K F�K�Y�NHGEP�j7FHGEP½NcI]Y�N��«NHY�R]P�l5GXM½SVD�RTWCB��LK�BXRTI]G

Y(� GXFcFHGEPCRTI%GXI]P�GX[ �TFHGrYTG³P	*«[>STM�'�[
GEPLj7FHGEPkK MOMOWON��TRTM�P�l½FcRTNLBED�WOW�GEPOSVD�I]Y]K I`M\sd$rD�R]PK�3D�RTFHD�I]P�SVD�R1�3D�NcW\d3UXMbK I`M
YTD�ITI]UQFHGEPrP	*«[>STM�'�[
GEP@STW�UEP�GXI`M�UEPrSLK W@RTI�SLK MONHGXI`M\d{NHYTGXI`MON0/LGXWJPbK I]P@YTD�RTM�GQSVDhP�PON��TFHG:F�K>[%K F�K�Y�NHG%�`R7� NcF½K
BED�I`MOWbK�BXM�U juGXI�PORTSTSVDhPbK I`Mq�TNHGXI�P��TWq�`R]GJBEGXFcFHG�
§BXN¿P�D�NcM³W�GEBEGXI]P�UEGJSLK W³I]D�MOW�G:Y�NHBXMONHD�ITILK NcW�G�lms
�@I]G"M�GXFcFHG�PONcMORLK MONHD�I,SVD�RTWOWbK NcM�P�G"STW�UEP�GXI`M�GXW\dZSLK W�GmlTGX[>STFHGhdZSVD�RTW�F�K&W�U\K FcNHPbK MONHD�I Y(� RTI D�RTMONcF:YTG

Y�N�K phI]DhPOMONHBZK RTM�D�[%K MON�`R]G�P�FHG�STWbK MONHBXNHGXI>I7� K RTWbK NcMK�`R7� �@BED�I]POMbK M�GXW½YTGk[%K ITN.XW�GÂP	*�POM�UX[%K MON�`R]G�F�K³STW�UEP�GXI]BEG
D�R
I]D�I%YTG³P	*«[>STM�'�[
GEPCY(� RTI]G³FcNHPOM�GZYTD�ITI]UEG@PORTWCFHGÂSLK MONHGXI`M\d«GXM�FHG³Y�NHBXMONHD�ITILK NcW�G³NHYTGXI`MON0/LGXWbK NcMkF�K1[%K F�K�Y�NHGhs
&¿D�RTM�Gmt¼D�NHP\d5F�K�YTUXM�GEBXMONHD�I YTG±BEGXWOMbK NcI]P>P	*«[>STM�'�[
GEP�SVD�R1�hK I`M<I]UEBEGEP�PONcM�GXW>Y�R)[%K M�UXWONHGXFµd5NcFÂGEPOM<NcWOW�U\K FcNHPOM�G
YTG�YTGX[%K I]YTGXW:K R�STWbK MONHBXNHGXI�Y(� <XMOW�G�STW�<XM8�B�3UXWON0/LGXW1F�K>STW�UEP�GXI]BEG<Y(� RTI�phWbK I]Y�I]D�[ �TW�G<YTG�P	*«[>STM�'�[
GEP!P
I]D�R]P�K��3D�I]P�YTD�I]B
NcI`M�GXW�<XMB��B��]D�NHPONcWQFHG>STFcR]PQSVGXMONcMQGXI]P�GX[ �TFHG�YTG
P	*«[>STM�'�[
GEP:SVDhP�PON��TFHGhd �`RTNCSVGXWO[
GXMOM�G
Y(� NHYTGXI`MON0/LGXW��&BED�RTS,P��TW±F�K [%K F�K�Y�NHGhs=�§F1P:� K phNcM�YTD�I]B�RTI�STW�D-�TF.X[
G�YTG"Y�NHP�BXWONc[>NcILK MONHD�I K R,P�GXI]P±Y�R
SLK WbK phWbK S1�]G:STW�UEBEUEYTGXI`M\s

����� � ���7 �� ���=��	��6� ���
	�����	�����	 ��	������� !�;�"�� �����#���B�
o]D�WO[%K FcNHP�D�I]P�YTGÂ[%K ITN.XW�GÂSTFcR]P�p3UXI]UXWbK FHGZFHGEP½STW�D-�TF.X[
GEPCYTGZY�NHP�BXWONc[>NcILK MONHD�I �`R]GkI]D�R]PK�3GXI]D�I]PCY(� UU�3DN


�`R]GXW\s
$rD�R]PªI]D�R]P¿YTD�ITI]D�I]P5YTGXR�l:GXI]P�GX[ �TFHGEP7/]ITNHP

I
GXM

A
K STSVGXFHUEP¿W�GEPOSVGEBXMON��3GX[
GXI`M R f1a R�e :�] R=[+R a�`gf [ ` Z ` [-c aGXM R f1a R�e :�] R�[+R a _#T T S `;: c,T a s7&�B��LK-�`R]G

a ∈ A
BED�WOW�GEPOSVD�I]Y�RTI]GkSLK WOMONHG

Fa

YTG
I
d W�GXSTW�UEP�GXI`MbK I`MCF�� GXI]P�GX[ �TFHG

YTGEP1NcI]Y�N��«NHY�R]PJSVDhP�P�UEY]K I`MJF�� K MOMOWON��TRTM
a
s i D�RTW:M�D�RTMJNcI]Y�N��«NHY�R

x ∈ I
d{I]D�R]PJI]D�M�GXW�D�I]P

A(x)
F�� GXI]P�GX[ �TFHG

YTGEP@K MOMOWON��TRTM�P@YTG
x
P

A(x) = {a ∈ A
M\s �{s

x ∈ Fa} .p¿K�tµK [>NcFcFHG
F = {Fa}a∈A
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∀x, y ∈ X, x 6= y =⇒ A(x) 6= A(y).
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