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Résumé : Ce rapport est constitué de quatre articles soumis a des re-
vues internationales de mathématiques avec comité de lecture, sur un sujet
général commun, a savoir I’étude de la complexité de problemes traitant de
I'unicité de la solution, pour des problemes classiques en théorie de la com-
plexité, que ce soient des problemes de satisfiabilité de formules booléennes,
ou des probléemes de graphes. Plus précisément :

le premier article traite des problemes de satisfiabilité SAT, k-SAT, k >
2, et 1-3-SAT, ainsi que du probléeme de 'existence de colorations dans un
graphe donné (Sections 1-4 dans ce rapport) ;

le deuxieme article traite de problemes de recouvrement d’arétes par
des sommets d’une part, et de problemes d’ensembles dominants (ou codes
dominateurs) d’autre part, dans un graphe donné (Sections 5-8) ;

le troisieme article traite de problemes de codes identifiants, et de codes
localisateurs-dominateurs, dans un graphe donné (Sections 9-13) ;

le quatrieme et dernier article traite de problemes de cycles et de chaines



hamiltoniens, dans un graphe donné, orienté ou non-orienté (Sections 14—
16).

Pour tous ces problemes, nous essayons de trouver des localisations
précises a l'intérieur de ’ensemble des classes de complexité, et d’établir des
équivalences entre problemes, principalement a 1’aide de réductions polyno-
miales d’un probleme a un autre.

Mots-clés : Théorie de la complexité : NP-complétude, NP-difficulté,
Unicité d’une solution (optimale), Réduction polynomiale ; Satisfiabilité
booléenne ; Théorie des graphes : Coloration de graphes, Domination,
Codes dominateurs, Recouvrements par des sommets, Codes localisateurs-
dominateurs, Codes identifiants, Graphes sans jumeaux, Cycles et chaines
hamiltoniens.
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Abstract: This Report contains four articles submitted to international
journals of mathematics with reviewing process, all about the same general
topic, namely, the study of the complexity of problems dealing with the
uniqueness of a solution, for classical problems in complexity theory, either
Boolean satisfiability problems, or graph problems. More specifically:

the first article deals with the satisfiability problems SAT, k-SAT, k > 2,
and 1-3-SAT, as well as the problem of the existence of colourings in a given
graph (Sections 1-4 in this Report);

the second article deals with the vertex cover problem and the dominat-
ing set (or code) problem in a given graph (Sections 5-8);

the third article deals with the locating-dominating and the identifying
problems, in a given graph (Sections 9-13);

the fourth and last article deals with the problem of finding Hamilto-
nian cycles or paths in a directed, oriented or undirected given graph (Sec-
tions 14-16).

We try to locate accurately these problems inside the classes of com-
plexity, and to establish equivalences between problems, in particular by
constructing polynomial reductions from one problem to another.

Key Words: Complexity Theory: NP-Completeness, NP-Hardness, Unique-
ness of an (Optimal) Solution, Polynomial Reduction; Boolean Satisfia-
bility Problems; Graph Theory: Graph Colouring, Domination, Dominat-
ing Codes, Vertex Covers, Locating-Dominating Codes, Identifying Codes,
Twin-Free Graphs, Hamiltonian Cycle and Path.
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Abstract

For some well-known NP-complete problems, linked to the satisfiability
of Boolean formulas and the colourability of a graph, we study the
variation which consists in asking about the uniqueness of a solution.
In particular, we show that five decision problems, Unique Satisfiability
(U-SAT), Unique k-Satisfiability (U-k-SAT), k& > 3, Unique One-in-
Three Satisfiability (U-1-3-SAT), Unique k-Colouring (U-k-COL), k >
3, and Unique Colouring (U-COL), have equivalent complexities, up to
polynomials —when dealing with colourings, we forbid permutations of
colours. As a consequence, all are NP-hard and belong to the class DP.
We also consider the problems U-2-SAT, U-2-COL and Unique Optimal
Colouring (U-OCOL).

Key Words: Complexity Theory, NP-hardness, Decision Problems, Poly-
nomial Reduction, Turing Reduction, Uniqueness of Solution, Boolean Sat-
isfiability, Graph Theory, Graph Colouring, Partition into Independent Sets



1 Introduction

1.1 Goal, Outline and Results

In the theory of complexity, decision problems are stated with a question
that admits only the answer YES or NO; the question can be stated in
the very general following form: “Given an instance I and a property PR
on I, is PR true for I?” where PR can be expressed as: “Is there a set
satisfying a given characteristic?”. In our study, we add the small extra
word “unique” to the latter question: “Is there a wunique set satisfying a
given characteristic?” Then we investigate the complexity of these newly
defined problems. The problems considered here are of two types: Boolean
satisfiability of formulas, and graph colouring (up to colour permutations).

In Section 1.2, we give some notation and definitions from graph the-
ory and then, in Section 1.3, the basic background for the theory of NP-
completeness; in Section 1.4, we present some well-known decision problems,
together with their complexities. In Sections 2 and 3, we study how these
complexities vary if we consider the question of the uniqueness of a solution,
for satisfiability and colouring problems. We prove that the problems called
below: U-SAT, U-1-3-SAT, U-k-SAT, U-k-COL and U-COL have equivalent
complexities; consequently, they all belong to the class DP and are NP-hard.
We also show that U-2-SAT is polynomial (as U-2-COL trivially is), and that
U-OCOL belongs to the class LN, We present some concluding remarks in
Section 4.

In a forthcoming work, we similarly revisit some famous problems, from
the viewpoint of uniqueness of solution: Vertex Cover and Dominating
Set (as well as its generalization to domination within distance r) [35] (=
Sections 5-8 in this Report), r-Identifying Code together with r-Locating-
Dominating Code [36] (Sections 9-13), and Hamiltonian Cycle [37] (Sec-
tions 14-16).

1.2 Basic Notation and Definitions for Graphs

For graph theory, we refer to, e.g., [7] or [16] —and to [5] for directed graphs.

We shall denote by G = (V, E) a finite, simple, undirected graph with
vertex set V and edge set E, where an edge between x € V and y € V is
indifferently denoted by zy or yxz. The order of the graph is its number of
vertices, |V].

An independent set, or stable set, is a subset V* C V such that for all
ueV5veV* uw ¢ E. If kis an integer, k > 1, a k-colouring of G is
a function f: V — {1,2,...,k} such that f(u) # f(v) whenever uv € E.



Two vertices with the same value on the function f are said to have the same
colour. Obviously, a k-colouring of G exists if and only if one can partition V
into k independent sets, with a correspondence between an independent set
and a set of vertices with the same colour. When it exists, such a partition
of V will be called a k-IS-partition. Since fewer than k colours may be
needed, we might be led to use the word “partition” in a sense broader than
usual, with empty sets allowed. The smallest k£ such that there is a k-IS-
partition is called the chromatic number of G. A colouring with a number
of colours equal to the chromatic number is said to be optimal.

In Section 2.1, we shall need directed graphs. A directed graph (or simply
digraph) = (V, A) has directed edges or arcs (x - y) € A, x eV, yeV.
A strongly connected component (SCC) of G is a maximal set (for inclusion)
S C V such that for all z, y € S, there is a directed path from z to y, and a
directed path from y to x. If S; and Ss are two SCCs with an arc going from
a vertex in 57 to a vertex in Sy (for short, we say that there in an arc from S;
to S3), then Sy is a successor of S1, and S7 is a predecessor of Sa; note that
i£> this case, there can be no arc from Sy to S, by definition. Two digraphs
G1 = (V, A1) and G2 = (V, Ag) are isomorphic if there is a permutation p
on V such that (r — y) € A; if and only if (p(z) — p(y)) € As.

1.3 Necessary Notions in Complexity

We expound here, not too formally, the notions of complexity that will be
needed in the sequel. We refer the reader to, e.g., [6], [21], [38] or [45] for
more on this topic.

A decision problem is of the type “Given an instance I and a property PR
on I, is PR true for I?7”, and has only two solutions, YES or NO. The
class P will denote the set of problems which can be solved by a polynomial
(time) algorithm, and the class NP the set of problems which can be solved
by a nondeterministic polynomial algorithm. A polynomial reduction from a
decision problem m; to a decision problem 75 is a polynomial transformation
that maps any instance of 7 into an equivalent instance of mo, that is, an
instance of my admitting the same answer as the instance of 71; in this case,
we shall write m; —, m2. Cook [14] proved that there is one problem in
NP, namely “Satisfiability” or simply SAT (see below in Section 1.4), to
which every other problem in NP can be polynomially reduced. Thus, in a
sense, SAT is the “hardest” problem inside NP. Other problems share this
property in NP and are called NP-complete problems; their class is denoted
by NP-C. The way to show that a decision problem 7 is NP-complete is,
once it is proved to be in NP, to choose some NP-complete problem m;



and to polynomially reduce it to w. From a practical viewpoint, the NP-
completeness of a problem 7 implies that we do not know any polynomial
algorithm solving 7, and that, under the assumption P# NP, which is widely
believed to be true, no such algorithm exists: the time required can grow
exponentially with the size of the instance (for example, when the instance
is a graph, its size is polynomially linked to the order of the graph).

The complement of a decision problem, “Given I and PR, is PR true
for 1?77, is “Given I and PR, is PR false for I7”. The class co-NP (respec-
tively, co-NP-C) is the class of the problems which are the complement of a
problem in NP (respectively, NP-C).

For problems which are not necessarily decision problems, a Turing re-
duction from a problem 71 to a problem 7 is an algorithm A that solves
using a (hypothetical) subprogram S solving 7y such that, if S were a poly-
nomial algorithm for w9, then A would be a polynomial algorithm for 71; in
this case, we shall write m; —7 mo. Thus, in this sense, my is “at least as
hard” as m. A problem 7 is NP-hard (respectively, co-NP-hard) if there is
a Turing reduction from some NP-complete (respectively, co- NP-complete)
problem to 7 [21, p. 113].

Remark 1 Note that with these definitions, NP-hard and co-NP-hard co-
incide [21, p. 114].

The notions of completeness and hardness can of course be extended to
classes other than NP or co-NP. NP-hardness is defined differently in [15]
and [27]: there, a problem 7 is NP-hard if there is a polynomial reduction
from some NP-complete problem to 7; this may lead to confusion (see Sec-
tion 4).

We also introduce the classes PV? (also known as Ap in the hierarchy
of classes) and LNP (also denoted by PNPIOUogn)] or @,): they contain the
decision problems which can be solved by applying, with a number of calls
which is polynomial (respectively, logarithmic) with respect to (wrt) the size
of the instance, a subprogram able to solve an appropriate problem in NP
(usually, an NP-complete problem).

Finally, let us define DP [46] (or DIFY [8] or BHy [38], [52], ...) as
the class of languages (or problems) L such that there are two languages
Ly € NP and Lo €co-NP satisfying L = Ly N La. This class is not to be
confused with NPNco-NP (see the warning in, e.g., [45, p. 412]); actually,
DP contains NPU co-NP and is contained in LN* (see Figure 1).

Membership to P, NP, co-NP, DP, LN* or PNF gives an upper bound
on the complexity of a problem (this problem is not more difficult than ...),
whereas a hardness result gives a lower bound (this problem is at least
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Figure 1: Some classes of complexity.

as difficult as ...). Still, such results are conditional in some sense; if for
example P=NP, they would lose their interest.

1.4 Satisfiability and Colouring Problems

We first introduce some problems related to Boolean Satisfiability, and
present what is known about their complexities.

We consider a set X' of n Boolean variables x; and a set C of m clauses
(C is also called a Boolean formula); each clause c¢; contains k; literals,
a literal being a variable z; or its complement (or negated variable) ;.
Equivalently, C can read as a logical formula

C = N1<j<mCj, with cj = Vlgig,{jfz‘. (1)

This form is called a normal conjunctive form; other forms can be used
when more convenient, see the proof of Proposition 12. A truth assignment
for X sets the variable x; to TRUE, also denoted by T, and its complement
to FALSE (or F), or wvice-versa. A truth assignment is said to satisfy the
clause ¢; if ¢; contains at least one true literal, and to satisfy the set of
clauses C if every clause contains at least one true literal. The following
decision problems, for which the size of the instance is polynomially linked
to n + m, are classical problems in complexity.

Problem SAT (Satisfiability):
Instance: A set X of variables, a collection C of clauses over X', each clause



containing at least two different literals.
Question: Is there a truth assignment for X that satisfies C?

Remark 2 When useful, we can assume, without loss of generality (wlog),
that at least one clause contains only negated variables; indeed, if this is not
the case, i.e., no clause contains only negated variables, then obviously the
assignment giving TRUE to all the variables satisfies all the clauses, so that
this instance is trivial and can be discarded. We shall use this remark in
order to simplify the proof of Proposition 12.

The following problem is stated for any fixed integer k > 2, the case k = 1
being trivial:

Problem k-SAT (k-Satisfiability):

Instance: A set X of variables, a collection C of clauses over X', each clause
containing exactly k different literals.

Question: Is there a truth assignment for X’ that satisfies C?

Problem 1-3-SAT (One-in-Three Satisfiability):

Instance: A set X of variables, a collection C of clauses over X, each clause
containing exactly three different literals, or two different literals and the
constant FALSE.

Question: Is there a truth assignment for X such that each clause of C
contains exactly one true literal?

We shall say that a clause (respectively, a set of clauses) is 1-3-satisfied by
an assignment if this clause (respectively, every clause in the set) contains
exactly one true literal.

Problem co-SAT (co-Satisfiability):

Instance: A set X of variables, a collection C of clauses over X', each clause
containing at least two different literals.

Question: Is it true that no truth assignment for X satisfies C?

In the same way, we can define co-k-SAT for k > 2.

The problems SAT and 3-SAT are two of the basic and most well-known
NP-complete problems [14], [21, p. 39, p. 46 and p. 259]. More generally,
k-SAT is NP-complete for k& > 3 and polynomial for &k = 2. It follows that
the problems co-SAT and co-k-SAT, k > 3, are co- NP-complete.

The problem 1-3-SAT, which is obvioulsy in NP, is also NP-complete [48,
Lemma 3.5], [21, p. 259]. Because we shall need it later on for Proposition 6,
we give one polynomial reduction from 3-SAT to 1-3-SAT:

Consider an instance of 3-SAT. For each clause ¢; = {{1,02,(3}, where
01, 0o, l3 are literals stemming from X', one creates six variables a;, b;, d;, €;, f;
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and g;, and five clauses ¢;1 = {1, a;,¢€;}, c;i2 = {l2,b;,€;}, ¢i3 = {ai, by, fi},
Ci4a = {dl‘, ei,gi}, Ci5 = {63, di,FALSE}, for 1-3-SAT.

First, note that if /1 = 3 = ¢35 =F, then there is no truth assignment (for
a;, bi, d;, e;, fi and g;) 1-3-satisfying all the clauses ¢;;, 1 < j < 5; indeed,
clause ¢; 5 implies that d; =T, which implies by clause ¢; 4 that e; =F,
which in turn implies, by clauses ¢; 1 and ¢; 2, that a; = b; =T, and then ¢; 3
contains at least two true literals.

Then, from the Truth Table below, which shows under each clause c; ;
the only true literal that it contains, we can see that there is an assign-
ment satisfying ¢; if and only if there is an assignment 1-3-satisfying each
clause ¢; ;.

H by by L3 |a; by di e fi g H Ci1l  Ci2 Ci3 Cia Cis
1 T T T F F F F T T fl 62 fz g 53
2T T F|F F T F T F| 66 6 fi d d
3 T F T F T F F F T 51 bi bi g; 53
4 T T|T F F F F T a ¥t a g L3
50T ¥ F|F T T F F F| { b; by d; d;
7 F F T F F F T T F (&) €; fZ (&) 53

From this, we can conclude that there is a truth assignment for X satisfying
the collection C of m clauses we started from if and only if there is a truth
assignment for X* = X U {a;, b;,d;, e, fi,9i : 1 < i < m} such that each of
the 5m clauses ¢; j, 1 <i < m, 1 < j <5, is 1-3-satisfied. This is sufficient
to prove that 1-3-SAT is NP-complete.

Remark 3 Actually, one can get rid of FALSE in every clause ¢;5, and
have clauses only of “real” size three: create three new variables «, 3,7,
which are added to X*, and three new clauses {c, 3,7}, {a, 8,7} and {a@, 5,7},
which are added to the 5m clauses c; ;. It is then straightforward to check
that there is one, and only one, way of 1-3-satisfying the new clauses: one
must take o« =F, 8 =T, v =F. From this, we can deduce that each clause
¢is = {ls,d;, FALSE}, 1 < i < m, can be replaced by, e.g., {¢3,d;,a}, in
order to obtain a set of clauses of size three which can be 1-3-satisfied if and
only if there is a truth assignment satisfying the clauses ¢;, 1 <1 < m, from
which we started.

So from now on, we shall use 1-3-SAT exclusively in the following form.

Problem 1-3-SAT (One-in-Three Satisfiability):
Instance: A set X of variables, a collection C of clauses over X', each clause
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containing exactly three different literals.
Question: Is there a truth assignment for X such that each clause of C
contains exactly one true literal?

We now turn to the colouring decision problem, stated in its two usual forms;
first, for a given integer k > 1:

Problem k-COL (k-Colouring):
Instance: A graph G.
Question: Does G admit a k-colouring?

It is well known that this problem is trivial for k = 1, polynomial for k& =
2 and NP-complete for k£ > 3, see [22], [21, p. 191]. We can also state
the problem with k£ belonging to the instance, in which case it is also NP-
complete, since it still belongs to NP:

Problem COL (Colouring):
Instance: A graph G, an integer k.
Question: Does G admit a k-colouring?

Finally, we denote by U-SAT, U-k-SAT, U-1-3-SAT, U-k-COL and U-COL
the five problems obtained from the above five problems SAT, k-SAT, 1-3-
SAT, k-COL and COL by putting the word “unique” in the question, and
we add the following one, which would be meaningless without the word
“unique” in its question:

Problem U-OCOL (Unique Optimal Colouring):
Instance: A graph G.
Question: Does G admit a unique optimal colouring?

As already mentioned, the uniqueness of colourings must be considered up
to colour permutations, see the beginning of Section 3.

2 Uniqueness of Solutions: Satisfiability

2.1 Polynomiality of U-2-SAT

Theorem 4 The problem U-2-SAT is polynomial.

Proof. In [1], from an instance of 2-SAT with n variables z; and a set C

of m clauses c¢;, the following digraph 8 = (V, A), with 2n vertices z;, T;
and 2m arcs, is constructed: for each clause ¢; = {1, {2}, one puts the arcs
(51 — 52) and (52 — 51) in A.
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This graph has the following duality property: it is isomorphic to the
graph obtained by reversing the arcs and negating the names of the ver-
tices. Therefore, every strongly connected component S of GG has a dual
component S which is the subgraph induced by the negated vertices of S
—it may be that S = S. If Sy is a predecessor of Sy, then S; is a successor
of Sy, and wice-versa.

It is then shown in [1] that the instance of 2-SAT can be satisfied if and
only if, for all i € {1,...,n}, no SCC of 8 contains both z; and Z;. The
latter can be checked in polynomial time [51] wrt the order of the graph 8,
which is itself polynomial wrt the size of the instance of 2-SAT; this proves
that 2-SAT is polynomial.

We shall use the very same construction for U-2-SAT, and check the
SCCs of 8 If one SCC contains some pair x;,T;, then the answer to 2-
SAT, and a fortiori to U-2-SAT, is NO. So from now on, we assume that no
pair z;, T; belongs to the same SCC. This implies a YES answer for 2-SAT.
But what about U-2-SAT?

Assume first that there is a directed path from some x; to T; (if it is the
other way round, the argument is the same): (z; — ¢1) € A, ({1 — £3) € A,
.., (ls = T;) € A. This means that the clauses {%;, (1}, {1, 42}, - -, {€s, Ti}
all belong to C. Obviously, this leads to z; =F (no choice for ;). If this
is true for all 7 € {1,...,n}, then the answer to U-2-SAT is YES: only one
assignment satisfies the set C of clauses. So from now on, we assume that
there is at least one pair z;,Z; such that there is no directed path from z;
to Z;, nor from T; to x;. This implies that no arc exists going from S, to
Sz, nor from Sz, to S,.

Let 0(8) be the number of SCCs of G. A topological order (TO for

short) ® of the SCCs of 5, from 1 to 0(8), is such that if S is a predecessor
of Sy, then ®(S;) < ®(S2); in general, there are many ways to choose
one TO, and there exists always at least one. This is used in [1] in order
to define an assignment of the variables: if S;, is the SCC containing x;
(and Sz, = Sy, is the SCC containing 7;), set x; =F if and only if ®(S,,) <
®(Sz,); with the assumption that the answer to 2-SAT is YES, every TO
defines an assignment satisfying C. But for U-2-SAT, we have to go further.

Let ®(S;,) = k and ®(Sz,) = ¢, with, say, k < £. This means that there
is an assignment satisfying C, with z; =F. If k + 1 = £, take ®* = ® except
for ®*(S;,) = £ and ®*(Sz,) = k: ®* still is a TO, because we assumed
that there is no arc between S;, and Sz, and we have another assignment
satisfying C, this time with x; =T, i.e., a NO answer to U-2-SAT. So from
now on, we assume that k& + 1 < £.

13
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Figure 2: An example for the proof of Theorem 4, with k = 4 and ¢ = 12;
on the left, the ®-order inside P, P» and P35, on the right, the ®*-order.

We set Sy, = Sk, Sz, = Sp, and, for j € {k+1,...,0—1}, S; = 71(j).
Because we use a TO, S has no predecessor among these SCCs, and Sy has
no successor. We shall partition these £ — k + 1 SCCs into three sets, P;, P>
and Ps, according to the following rules (note that P» can be empty):

(i) in Pp, we put Si and every SCC of index j; € {k+1,...,¢— 1} such
that there is a path from S to Sj;;

(ii) in Py, we put every SCC of index jo € {k+1,...,¢ — 1} such that
there is no path from Sy to Sj,, nor from S;, to Sy;

(iii) in Ps, we put Sy and every SCC of index js3 € {k+1,...,¢—1} such
that there is a path from S, to Sy.

There is no path from P; to P, since a path from some S;, € P to some
Sj, € P, means that S;, should have been put in Pj; similarly, there is no
path from P, to Ps. By assumption, there is no path from P; to Pj, since
this would lead to a path from x; to ;. Paths from P to P, from P35 to Py,
and from P; to P; are possible.

Now we re-order the SCCs, starting from Ps and ending with P;; we
define ®* as follows:

(0) ®* = ® outside {Sk,...,Se};

(i) if Sg15 Sgus -5 Squp, (= Se) belong to Py, with k < g1 < g2 <... <
qpy = ¢, we set ®*(S,;) = (k —1) +j, for j € {1,...,|Ps3[};

(ii) if Sy, Styy - - - St\PQ\ belong to Po, with k < t; <ty < ... < t|p2‘ </,
we set ®*(S;) = (k — 1)+ [P3| + 7, for j € {1,...,[P|};

(ili) if Sw; (= Sk); Swys -« Swyp, belong to Py, with k = w; < wy <

< wpy <L, weset ®(Sy;) = (k—1)+|P3|+|Pe|+j, for j € {1,...,|P[}.
See Figure 2 for an example. Because of the forbidden paths afore-
mentioned and because ® is a TO, ®* is also a TO, and we have now
O*(Sy,) > P*(Sz,), which means that there is a second assignment satisfy-
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U-1-3-SAT
p
Prop. GT Prop. 7
Th.5 P Prop. 8
U-SAT————+_ U-3-SAT ——— = U-4-SAT

p\ - —
Prop.9™ U-k-SAT =~ Prop.8

Figure 3: The polynomial reductions between satisfiability problems.

ing C, this time with x; =T, i.e., a NO answer to U-2-SAT.
Recapitulating,
(a) if at least one pair x;,T; is contained in the same SCC, then the
answer to U-2-SAT is NO (no assignment satisfying C exists); otherwise,

(b) if for all 4 € {1,...,n}, there is a path from z; to T; or from T;
to x;, then the answer to U-2-SAT is YES (a unique assignment satisfying C
exists);

(c) if there is at least one pair z;,Z; such that there is no directed path
from x; to T;, nor from T; to x;, then the answer to U-2-SAT is NO (at least
two assignments satisfying C exist).

All this can be checked in polynomial time. A

2.2 Equivalence of U-Satisfiability Problems

Consider the problem 1-3-SAT. The fact that an NP-complete problem, here
3-SAT, can be polynomially reduced to it, together with the fact that 1-3-
SAT belongs to NP, suffices to prove that the complexities of these two
problems are equivalent, up to polynomials: in this case, there is no need to
give a polynomial reduction from 1-3-SAT to 3-SAT. In other situations, such
as the problems that, in the sequel, we shall be interested in, it can be useful,
or even necessary, to establish “cyclic” reductions such as 71 —, m —,
73 —p 71, in order to prove the equivalence of these three problems. This is
what we shall do in this Section for our satisfiability problems, establishing
the chain of polynomial reductions given by Figure 3. As a consequence, all
these problems are equivalent, up to polynomials, see Theorem 10.

Theorem 5 There exists a polynomial reduction from U-SAT to U-3-SAT:
U-SAT —, U-3-SAT.
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Proof. We consider an instance of U-SAT with n variables x; and m
clauses cj. We assume that there is no clause of size one. We also as-
sume that at least one clause does not have size three, otherwise we simply
keep all the variables and clauses, and we are done.

We keep all the variables z;, 1 <1 < n.

We create three new variables «, 3, v and seven clauses {a, 8,7}, {a, 8,7},
{a, B}, {a, B, 7}, {@, 8,7}, {@, 8,7}, and {@, B,7}. Note that these clauses
can be simultaneously satisfied if and only if « = 8 = v =T. Only a will be
used in the sequel, the other two variables only help to have clauses of size
three.

Let ¢; be any clause of the instance we start from, 1 < j < m; ¢;
has size kj, k; > 2, but for simplicity we use x; = k, and ¢; reads ¢; =
{gj,ly N 7£j,n}-

(a) If k= 2, we create the clause {{;1,¢;2,a};

(b) If k= 3, we keep the clause {¢;1,;2,%;3};

(c) If K> 3, we create a new variable y., 1 and the clauses {y¢;1,%;3,- - -,
Cints 1e; 1,451, 0k, {Ye; 1, 45,2, @}, and {@Cj,l,ﬁj,l,éj,g}. The first clause has
size k—1, and we iterate the process until it has size three; at each step we
create one variable and four clauses, three of them (at least) with size three.
At the end, we keep only the clauses of size three. In this step, we have
created k—3 new variables.

Ezample. k=5 and c; = {x;1,%;2,T;3,Tja,Tj5}. First, we create {yc; 1,
Tj3,Tj4, %55, which we will not keep, and {yc;1,%;1, 0}, {Ye; 1,752, Q)
{y%l,xj,l,@,g}. Then we create {ycj72,xj74,:njﬁ5}, {ycjg,ycjvl,a}, {ycj,g, T3,
a}’ {?Cj,Z’ ij,lvfjﬁ}'

(1) Assume first that there is a unique way of satisfying all the clauses of
the instance of U-SAT. We keep the same truth assignment for the variables
i, 1 <i<n,weset « = =+ =T, and for all j € {1,...,m}, we set
Yeji =T if and only if at least one of /; 1 and /; 5 is equal to TRUE, Yej 2 =T
if and only if at least one of y., 1 and ¢ 3 is equal to TRUE, and so on. It is
quite straightforward to check that this new assignment satisfies the set of
clauses we have just constructed for U-3-SAT.

Is it the only way? Assume on the contrary that we have two assign-
ments, A; and A, satisfying the instance of U-3-SAT.

First, note that any assignment A that satisfies the instance of U-3-SAT
also satisifies, when restricted to the variables x;, the instance of U-SAT.
Indeed,

(a) Consider a clause of size two ¢; = {¢;1,¢;2}; because necessarily
A(a) =T, if {€;1,¢;2,a} is satisfied by the values given to ¢;; and 4,2,
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then this is also true for cj;

(b) The clauses of size three in U-SAT need no explanation;

(c) Assume on the contrary that for k> 3, the clause ¢; = {¢;1,...,4j .}
in U-SAT is not satisfied. Then, because the clause {y, 1,¢;1,¢;2} in U-
3-SAT is satisfied, we have A(yc, 1) =F, then similarly, because of the
clause {@Cﬂ, Ye; 1,453} in U-3-SAT, we have A(y, 2) =F, and so on un-
til the last new variable of type y, A(yc;x—3) =F, but then the clause
{We;m—3:4jr—1,Ljr} in U-3-SAT is not satisfied, a contradiction.

Therefore, the two assignments 4; and Ay give the same values to the
variables z;, 1 < i < n, for otherwise we would have two ways of satisfying
the instance of U-SAT, which would contradict our assumption on unique-
ness. Since the values of «a, 3, are forced, Ay and Ay can differ only on the
variables of type .

Suppose first that they differ on y., 1 for some j, with, say, A; (y% ) =
T and As(ye;,1) =F. Then the three clauses {yc; 1, ]1,04} {e; 1,42, @},
{Ue,1:4j1, )2}, together with the fact that we have A;(a) = Ax(a) =T,
show that .AQ(EJ‘J) = AQ(EJ"Q) :F, and -Al(ej,l) =T or Al(gj’g) :T, i.e.,
Ay and Ay differ on £;; or £;2, a contradiction. So Aj(ye;,1) = A2(ye;,1)-
Step by step, we can then show that Aj(yc,2) = A2(yc;,2), and so on until
A1 (Ye; n—3) = A2(Ye; w—3), s0 that finally A; = Az and there is only one
solution for the instance of U-3-SAT.

(2) If the answer to the instance of U-SAT is NO, then either there
are at least two solutions, which give at least two solutions to U-3-SAT, as
previously seen, or there is no solution to U-SAT, in which case there is no
solution to U-3-SAT, for otherwise one solution to U-3-SAT would also give,
by restriction to the variables x;, one solution to U-SAT. Thus the answer
to the instance of U-3-SAT is also NO. AN

Proposition 6 There exists a polynomial reduction from U-3-SAT to U-1-
3-SAT: U-3-SAT —, U-1-3-SAT.

Proof. The reduction is the one described in Section 1.4. Indeed, one can
observe that this construction is more than just a reduction from 3-SAT to
1-3-SAT: in the Truth Table, once ¢1, s, {3 are given, there is only one way
to give a truth assignment to the new six variables in such a way that the
new five clauses are 1-3-satisfied. First, note that d; = ¢3 and that, once
a;, b;,d; and e; have been assigned a value, then f; and g; are forced. Let
us consider just one example, the other lines not being more difficult: if
¢y = ly =F and ¢35 =T (line 7 of the Table), then d; =F and, assuming
that a; =F, the rest is forced: e; =T and b; =F; but if a; =T, then ¢; =F,
b;i =T, and ¢; 3 contains at least two true literals.
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S0, to any solution that 1-3-satisfies the five clauses ¢; ; we can associate
a solution that satisfies ¢;, and conversely; in other words, there are seven
solutions that 1-3-satisfy the five clauses c¢; ; and there are seven solutions
that satisfy c¢;.

The conservation of the number of solutions is still verified if we consider
the collections of clauses of the two instances, and the following has been
proved: the number of solutions for the instance of 3-SAT we started from
is equal to the number of solutions for the constructed instance of 1-3-SAT.
In particular, there is a unique solution to the instance of 3-SAT if and only
if there is a unique solution to the instance of 1-3-SAT, i.e., the answer to
the initial instance, now seen as an instance of U-3-SAT, is YES if and only
if the answer to the corresponding instance for U-1-3-SAT, is YES. A

Proposition 7 There exists a polynomial reduction from U-1-3-SAT to U-
3-SAT: U-1-3-SAT —,, U-3-SAT.

Proof. We keep all the variables x;, 1 < i < n, of the instance of U-1-3-SAT.

We create three new variables «, 3, v and seven clauses {a, 8,7}, {a, 8,7},
{a, B,7Y, {o, 8,7}, {@, B,7}, {@,B,7}, and {@, 3,7}. As remarked previ-
ously, these clauses can be simultaneously satisfied if and only if a = g =
~v =T; only a will be used in the sequel.

Let ¢; be any clause of the instance we start from, 1 < j < m: ¢; =
{01,05,03}. We keep c¢; and add three new clauses, {¢1,0,a}, {¢1,03,a},
{62, U3, a}

Assume first that there is exactly one truth assignment, A;, 1-3-satisfying
the instance of U-1-3-SAT. Keeping the same assignment for the variables z;
and setting A (o) = A1(8) = A1(y) =T, we obviously satisfy all the clauses
for U-3-SAT. Is it possible to have a second assignment, As, that satisfies
the instance of U-3-SAT? If yes, necessarily As(a) = As(8) = Aa(v) =T;
then, because of the clauses {/1, 0y, @}, {f1,03,a}, {ls,03,a}, at most one
of the three literals ¢, /s, f3 can be set true by Ao, but also at least one,
because of the clause {¢1, {3, ¢3}. So Az, when restricted to the variables z;,
also 1-3-satisfies the instance of U-1-3-SAT, and A3 # A; is impossible.

If there is no assignment 1-3-satisfying the instance of U-1-3-SAT, then
there is no assignment satisfying the instance of U-3-SAT, since this as-
signment, when restricted to the variables z;, would be an assignment 1-3-
satisfying the original instance, as we have already seen. If there is more
than one assignment 1-3-satisfying the instance of U-1-3-SAT, then obvi-
ously there is more than one assignment satisfying the instance of U-3-SAT.

So there is a YES answer for the instance of U-1-3-SAT if and only if
there is a YES answer for the corresponding instance of U-3-SAT. A
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Proposition 8 For every integer k > 4, there exists a polynomial reduction

from U-(k —1)-SAT to U-k-SAT: U-(k — 1)-SAT —, U-k-SAT.

Proof. We consider an instance of U-(k — 1)-SAT with n variables x; and
m clauses c;, of size k — 1.
We keep all the variables z;, 1 <17 < n.

We introduce k new variables aq, ..., and 2F — 1 clauses: these are
all the clauses of size k containing either a; or @i, ..., ai or @y, with
the exception of {ajy,...,ax}; since k is fixed, the number of clauses is a

constant, so this is polynomial wrt the size of the instance we start from.
Note that these clauses can be simultaneously satisfied if and only if oy =

. = ag =T. When building other clauses of size k, we shall use only ay;
the aim of the other variables as, ..., a; is simply to have clauses of the
right size.

The reduction is simple: besides the 2% — 1 aforementioned clauses, each
clause ¢; = {{1,...,¢,_1} in the instance of U-(k — 1)-SAT is transformed
into {¢1,...,0k_1,a1}. It is now easy to check that there is a YES answer
to the instance of U-(k — 1)-SAT if and only if there is a YES answer to the
resulting instance of U-k-SAT. AN

The above reduction also works for k = 3, but U-2-SAT —, U-3-SAT gives

no useful information, since U-2-SAT is polynomial (Theorem 4).

Proposition 9 For every integer k > 3, there exists a polynomial reduction

from U-k-SAT to U-SAT: U-k-SAT —, U-SAT.
Proof. Simply use the identity reduction. A

The above reduction also works for k = 2, but U-2-SAT —,, U-SAT gives no
useful information, since U-2-SAT is polynomial.
We have now proved that all our satisfiability problems are equivalent:

Theorem 10 For every integer k > 3, the problems U-SAT, U-k-SAT and
U-1-3-SAT are equivalent, up to polynomials.

Proof. Because the chain of polynomial reductions described at the begin-

ning of Section 2.2 has been proved, by Theorem 5 and Propositions 6-9.
AN

2.3 Location of U-Satisfiability Problems

Now that we know that they are equivalent, we can use previous works to
show that the three problems U-SAT, U-k-SAT and U-1-3-SAT are NP-hard,
and that they belong to DP.
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Proposition 11 There exists a Turing reduction from 3-SAT to co-3-SAT:
3-SAT —7 co-3-SAT.

Proof. Simply use the identity reduction; the answers YES and NO are
permuted. A

Proposition 12 [8] There exists a polynomial reduction from co-SAT to
U-SAT: co-SAT —, U-SAT.

Proof. We give a proof which is slightly simplified compared to [8].

We consider an instance of co-SAT with n variables x; and a set C of
m clauses c¢j, with at least one of them containing only negated variables
(cf. Remark 2). We write C in its normal conjunctive form like in (1):
C = Ai<j<m¢j, and, instead of constructing clauses for the instance of U-
SAT, we construct the logical formula

C* =CV (Ai<i<nTi),

which could, through logical equivalences, be led back to its normal con-
junctive form as in (1); now the instance of U-SAT simply consists of C*.

If the answer to the instance of co-SAT is YES, i.e., no assignment sat-
isfies C, then obviously the only way to satisfy C* is to set TRUE every x;,
so the answer to U-SAT is YES.

If the answer to co-SAT is NO, then there are at least two ways of
satisfying C*:

(a) use an assignment that satisfies C;

(b) set x; = TRUE for all i € {1,...,n}.
The assignment of the variables x; in (b) cannot be the same as in (a),
thanks to the assumption that at least one clause in C contains only negated
variables. So the answer to U-SAT is NO. A

Corollary 13 For every integer k > 3, the decision problems U-SAT, U-k-
SAT and U-1-3-SAT are NP-hard (and co-NP-hard by Remark 1).

Proof. By Proposition 11, co-3-SAT is NP-hard, which implies that co-SAT
also is, as well as U-SAT, by Proposition 12; then both U-k-SAT, k > 3,
and U-1-3-SAT are NP-hard, by Theorem 10. A

Proposition 14 For every integer k > 3, the decision problems U-SAT,
U-k-SAT and U-1-3-SAT belong to the class DP.

Proof. The result for U-SAT is stated in [45, p. 415] and is easy to prove.
We have to exhibit two languages, Ly € NP and Ly € co-NP, such that
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the set of YES instances of U-SAT is Ly N Ly. Take L; = {formulas (or
sets of clauses) such that there is at least one truth assignment satisfying
them} and Lo = {formulas (or sets of clauses) such that there is at most one
assignment satisfying them}. This proof can be applied mutatis mutandis
to the other two problems; alternatively, the equivalence between the three
problems can be used. A

Remark 15 In [45], it is also stated that “U-SAT is not believed to be DP-
complete”.

3 Uniqueness of Solutions: Colouring

If we define the problem of the existence of a unique k-colouring in a graph
by simply adding the word “unique” in the statements of the problems k-
COL or COL, it is quite obvious that the answer will always be NO for
k > 1, since any permutation on the values of a k-colouring f also is a
k-colouring. Now, rather than saying that we look for a unique colouring
up to permutations, it is more convenient to consider the problem stated in
terms of IS-partition. Also, if the graph is not connected and not trivial,
the answer will be NO. Thus, the problems that we shall study below (and
still abusively name U-k-COL and U-COL) will be the following:

Problem U-k-COL (Unique k-IS-Partition):
Instance: A connected graph G.
Question: Does G admit a unique k-1S-partition?

Problem U-COL (Unique IS-Partition):
Instance: A connected graph G, an integer k.
Question: Does G admit a unique k-IS-partition?

Note that, like 2-COL, U-2-COL is, quite obviously, polynomial. In Sec-
tion 3.3, we shall deal with U-OCOL.

3.1 Preliminary Results on 3-Colourings

The following lemma is somehow inspired by the proof of the NP-completeness
of 3-COL, see Theorem 2.1 and Figure 1 in [22]. Note that the proof from [22]
cannot convey uniqueness, even up to permutations of colours.

Lemma 16 Consider the graph Gy = (Vy, Eo) described by Figure 4.
(a) Any 3-1S-partition of {a,b,d} such that these three vertices belong to
the same independent set, cannot be extended to a 3-1S-partition in Gg.
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Figure 4: The graph G of Lemma 16. Because of their particular roles, the
vertices v1, v2, wy, a, b and d are represented by black circles.

(b) Any 3-1S-partition of {a,b,d} such that these three vertices belong to
exactly two independent sets, can be uniquely extended to a 3-1S-partition
m Go.

Proof. Wlog, we assume that in any 3-IS-partition of V} into S, S9, S3, the
vertex vy belongs to S3. Then a, b and d can belong only to S1 or Ss.

(a) First, we assume that the vertices a, b and d belong to S;. Then,
because of the triangle a,wi,ve, we have wy € So. Similarly, zo € Ss,
z3 € S9. Then z; € S3, and step by step, wy € S1, ws € S3, v1 € So,
Wy € 51, Y € SQ, Y2 € 53, Y1 € SQ, Yq € Sl, and Ys € 53. But now the
neighbours of y3 are yg € S2, y5 € S3 and d € S7, which makes it impossible
to have a 3-IS-partition. Obviously, the conclusion is the same if a, b and d
belong to Sa, with the roles of S; and S5 permuted.

(b) Assume first that a € S1, b € S1, d € So. Then {wi, 22} C So,
z3 € 51, z1 € 537 Wy € Sl, S 52, w3 € 537 Wy € Sl, Y6 € So, Y2 € 537
y1 € So, y4 € S1, ys5 € S3 and y3 € S1, which constitutes a 3-IS-partition,
obtained in a unique way. The same is true for a € S, b € Ss, d € S1, with
the roles of S; and Sy permuted.

When a € S, b € Sy, d € S1, we simply give the three sets Sy, So
and S3, since it is straightforward to check that there is only one way to
obtain them: S; = {a,d, 22, w3, w4, ys5,y2}, So = {b, 21,23, w1,v1, Y6, Ya},
S3 = {ve,wz,y3,y1}. The case when a € Sy, b € Sy, d € Sy is the same,
with the roles of S; and Se permuted.

When a € Sy, b € 51, d € S, the partition S1 = {b,d, w1, ws, 21, wy, ys,
Y1}, S2 = {a, 22, 23,01, Ys, ya }, S3 = {va, wa, y3,y2} is the only 3-IS-partition.
The case when a € S1, b € Sy, d € S5 is the same, with the roles of S1 and S
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permuted. A

Remark 17 We can see from the previous proof that wy, which is linked to
v1 and vy, belongs to S1 as soon as two of the three vertices a,b,d belong
to S1 —and wy € So if two of a,b,d belong to Sy. This implies that vi € So
in the first case, v1 € S1 in the latter case.

We are now ready to show that U-SAT and U-COL have equivalent com-
plexities (up to polynomials).

3.2 Equivalence of Uniqueness of Colouring and of Satisfia-
bility
We are going to prove the polynomial reductions
U-1-3-SAT —,, U-3-COL (Theorem 18),
for k > 3, U-3-COL —, U-k-COL —,, U-COL (Proposition 19),
and U-COL —, U-SAT (Theorem 20).

Theorem 18 There exists a polynomial reduction from U-1-3-SAT to U-3-
COL: U-1-3-SAT —, U-3-COL.

Proof. A possible polynomial reduction is the following. If the instance of
U-1-3-SAT consists of a set C of m clauses over n variables z; (1 < i < n),
then the vertex set W of the graph G we are constructing is

W:{xi,fi:lgign} U {1)1,1)2} U {Zi’jilgigg,lgjﬁm}U

{wi7j:1§i§4,1§j§m} U {yi,j:1§i§6,1§j§m}.

The order of G is 2n 4+ 2 + 13m. For every j in {1,...,m}, we denote by
V;-_ and V; the sets

Vj_:{zi,j:lgigi%}u{wi,j:1§i§4}u{yi7]~:1§i§6},

Vi =V, U{vj, vz}

For each clause ¢; = {a;,b;,d;} where a;, b; and d; belong to {z;,7; : 1 <i <
n}, we take a copy G; = (V; U {a;,bj,d;}, E;) of the graph Gy = (Vp, Ep)
from the previous lemma, with a; = a, b; = b, d; = d, and complete
identification of the other vertices of Vj to the vertices of V;. Then we
merge all the vertices vy, 1 < j < m, into one vertex v1, i.e., the new
vertex vy replaces the vy j’s and is linked to all their neighbours; we proceed
similarly to create a new vertex vy. The vertices v; and vy are now common
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Figure 5: A small example for Theorem 18: ¢; = {x1,z9,T3}, ca =

{x1,T2,24}. Not all vertices and edges are represented.

for all the clauses ¢; and subgraphs G; —we still call these subgraphs Gj,
with a slight notational abuse.

We add the edges x;T;, x;vo and T;v9, 1 < i < n, and we have our
graph G; see Figure 5 for a small example.

(a) Let us first assume that the answer to U-1-3-SAT is YES: there is
a unique truth assignment 1-3-satisfying the clauses of C. We construct a
valid 3-IS-partition W = S§7 U S35 U S5 in the following way: we put v in Ss,
we put in S5 the literals that have the assignment TRUE, and in S; those
which are FALSE. Since each clause contains exactly one true literal, we are
in condition (b) of Lemma 16, and from now on, there is a unique way for
obtaining a 3-IS-partition of W, by proceeding in each graph G as in the
proof of the lemma for Vj: note that we cannot proceed independently in
each graph G, which could lead to more than one partition, because of the
vertices v1 and vy which are shared by all the graphs G.

Can we have another 3-IS-partition W = ST U S5 U S37 Still assuming,
wlog, that vo € 53, this 3-IS-partition, like every 3-IS-partition in G, in-
duces, because of the triangles x;Z;v9, a valid truth assignment A for the
variables z;, 1 < i < n, by setting A(x;) =T if z; € S5 and A(x;) =F if
x; € S7. If we study, in a subgraph Gj,, the vertices a;,, bj, and d;,, we
know, by Lemma 16(a), that they cannot all belong to the same set, S7
or S5. If two of them belong to S}, then, by Remark 17, wyj, € ST and
vy € §5. This in turn implies that all the vertices wy j, 1 < j < m, belong
to ST, and then that, for all j, two among the three vertices a;, b; and d;
belong to S7. Similarly, if two of aj,, bj, and dj, belong to S5, then for
all j, two of aj, b; and d; belong to S5. Therefore, the assignment A is
such that (a) in all the clauses, two of the three vertices a;,bj,d; belong

24



to ST, or (b) in all the clauses, two of the three vertices a;,bj,d; belong
to S3. This proves that the assignment A, or its complement, 1-3-satisfies
all the clauses. Since such an assignment was assumed to be unique, the
3-IS-partition W = S} U S5 U S5 is the same as W = 51 U S3 U S3.

Thus a YES answer to U-1-3-SAT implies a YES answer to U-3-COL.

(b) Assume next that the answer to U-1-3-SAT is NO: this may be either
because no truth assignment 1-3-satisfies the instance, or because at least
two assignments do; in the latter case however, this would lead to at least
two 3-IS-partitions, and a NO answer to U-3-COL. So we are left with the
case when the set of clauses C cannot be 1-3-satisfied. But if a 3-IS-partition
of W exists, then we have seen, with ST U S5 U S5 above, how to construct
an assignment which 1-3-satisfies all the clauses; therefore, no 3-IS-partition
can exist.

We have proved that, in all cases, the answer to U-3-COL is also NO. A

Proposition 19 For every integer k > 3, there exists a polynomial reduc-
tion from U-3-COL to U-k-COL: U-3-COL —, U-k-COL, and from U-k-
COL to U-COL: U-k-COL —, U-COL.

Proof. To go from U-f-COL to U-(¢ 4+ 1)-COL, the trick is standard: a
graph G admits a (unique) ¢-IS-partition if and only if the graph obtained
from G by adding one vertex connected to all the vertices of G, admits a
(unique) (¢ 4 1)-IS-partition. Starting from three, we can reach any k > 3.

The problem U-COL, where k, the number of colours, is not fixed but is
part of the instance, is at least as hard as U-k-COL, for any fixed integer k:

to any instance G of U-k-COL, we can associate the instance consisting of G
and k for U-COL. A

Theorem 20 There exists a polynomial reduction from U-COL to U-SAT:
U-COL —, U-SAT.

Proof. We start from an instance of U-COL, a connected graph G = (V, E)
and an integer k, with V = {z',..., z!VI}; we assume that k > 3 and |V| > 3.
We create the set of variables X = {2 : 1 < h < |V|,1 <i < k} and the
following clauses:

(0) {z1};

(i) for 1 < h < |V, clauses of size k: {z, 24, ... zh};
(ii) for 1 < h < |V|and 1 <i < j <k, clauses of size two: {fi’,fg :
(iii) for every edge z"z" € E, k clauses of size two: {7}, {zh, 7'},

— —h' — —h/
SN /P ) O i
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(iv) for 2 < h < |V] and 1 < i < k, clauses ¢} = {@, «},... a1zl ||

7 7
h—1
R i

We shall say that {Z!'} is the first part of ¢, {z},...,2" "'} its second
part, and {z} ,... ,x?:ll} its third part. When i = 1, ¢! reduces to its first
and second parts. All these clauses form the instance of U-SAT.

Note that the number of variables and clauses is polynomial wrt the
order of G, in particular because we may take k < |V|.

(1) We assume that there is a k-IS-partition of V' into k sets Si, So, ...,
Sk. If necessary, we redefine this partition, with renamed sets S}, S5, ...,
S}, in the following way: we put x! in S}; then if 22 was in the same set
as 2!, we also put 2?2 in S}, otherwise we put it in S3; ...; if 2P was in the
same set as some x9, ¢ < p, we put zP in the same set as x9, otherwise we
put it in S}, where ¢ is the smallest index that has not been used yet for a
set S*; and so on, until we have processed all the vertices. In other words,
we re-order the sets Sp, So, ..., Si according to the order of the smallest

superscript of their elements. In particular, z! belongs to the first set.

Example. k = 5,|V| = 14, S; = {2°,22,28}, So = {23, 2! 2%}, S5 =
{210 21 212}, Sy = {27, 2% 2!}, S5 = {213 28}, After re-ordering as
described above, we have S; = {z', 210 212}, S5 = {2? 25 28}, S3 =
{23, 2% 214}, SF = {28,213}, SF = {27, 2% 211}

If we have a k-IS-partition S, S, ..., Sk ordered as above, we can define
a truth assignment Ay by setting, for every variable x? , Al (mf) =T if and
only if 2 € S;, and this assignment satisfies all the clauses; indeed:

(0) {1} is satisfied thanks to the re-ordering;

(i) each clause {z%,z%, ... 20"} contains at least one true literal, the
contrary meaning that the vertex z” belongs to no set of the k-IS-partition;

(ii) each clause {Ef,f?} contains at least one true literal, the contrary
meaning that the vertex " belongs to two sets S; and Sj;

(iii) each clause {ff,ff/} contains at least one true literal, the contrary
meaning that two neighbours in G belong to the same set S;;

(iv) let us consider ¢! for given h and i, 2 < h < |[V|, 1 < i < k, and
assume that it is not satisfied by A;. The first part of c? implies that 2" € S;,
the second part that {z!,..., 271} N S; = (); if 4 = 1, this is impossible,
since ' € 1. So i > 1 and c? has a third part, which, when not satisfied,
implies that {z!,... ,xhil} N S;_1 = (. But then & should have been put
in S;_1 (or possibly even earlier) when re-ordering the k-IS-partition, and

we have a contradiction. Therefore, all the clauses ¢! are satisfied by Aj.
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We can conclude that any k-IS-partition gives a truth assignment satisfying
all the clauses constructed for U-SAT.

Assume now that this k-IS-partition is unique, i.e., we have a YES an-
swer for U-COL. We claim that there is only one assignment satisfying the
instance of U-SAT. Assume on the contrary that another assignment, As,
also satisfies it. Then, thanks to the clauses described in (i) and (ii), for ev-
ery h, at least one literal xf” is set TRUE by As, and for every pair i, j, ¢ # j,

at least one of Z', 7" is set TRUE, which means that at most one z? is set

i
TRUE: so for every h, exactly one m? is TRUE. Using this, let us construct
a partition Sy, ..., S]j using the rule: 2" € Si+ if and only if Aa(x?) =T.

Now because of the clauses {fi‘,ffl} corresponding to neighbours z
and 2" in G, at least one of x?,x?, is set FALSE by As: this means that
two neighbours cannot be in the same set and guarantees that the partition
Sf e S,j is a k-IS-partition of V, and, by assumption, it must coincide
with S1, So, ..., Sk, up to permutations of the subscripts. This is where
the clauses introduced in Step (iv) intervene: without them, a single k-IS-
partition could give more than one assignment, differing only according to
the permutations on the subscripts of the sets of the k-IS-partition.

We are going to prove that S; = Sf, So = S;r, ey Sk = S]j. Because of
the clause {x1}, we have As(z}) =T, implying that x! € S; and S = S;".
Now assume that there are two sets S, and S, such that 1 <p, ¢ =p+1,
and the element with smallest superscript in S;r , «P1_ has superscript greater
than the element with smallest superscript in S; , x?': p1 > 1. Consider
the clause

h

q1 _ 91 _ (=41 1 -1 _1 q—1
cy —cp_H—{xp+1,wp+1,...,xp+1,xp,...,acp }.
Now As(zZ ) =T, and none of the vertices z!, ..., 241, which all have
p+1 ’ ) ) y

superscripts smaller than ¢; and pi, can belong to S; = S; 1 nor to S;r .
This implies that c¢¢' cannot be satisfied by A, a contradiction. It follows
that the k-IS-partition S, ..., S,j is ordered according to the smallest su-
perscript of the elements in its sets, i.e., it has the same set order as the
k-IS-partition S, ..., Sk, which was our claim, and consequently A; = As,
i.e., we have also a YES answer to U-SAT.

Example. Let G be a triangle: k =3, G = (V, E) with V = {2, 2%, 23}, E =
{xt2? xla3, 2223}, The clauses are: (0) {x1}; (i) {x1, 2, 21}, {23, 23, 23},
and {27, 23, 23}; (ii) {71, 75}, {71, 73}, {73, 73}, {71, 73}, {71, 73}, {73, 73},
(@ ad). (.70}, ond (ah,o8); (i) (w22, {ahT3), (ohad), {zh.oi),
(=, 723}, {zh, 73}, {73,73}, {73,753}, and {z3,@3}. If we stop here, two as-
signments A1, Ay are possible, one corresponding to ' € Si,x% € So, 2 €
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Ai(23) = Ai(23) = Ai(23) =F, the other corresponding to z' € Sy,22 €
Sg,x?’ €5y AQ(.’E% = AQ(CC%) = Az(ﬂf%) =T, Az(xé) = AQ(CE%) = ./42(33%) =
Az(23) = Ag(a?) = Az(23) = F. However, only A; satisfies the clauses (i),

: L2 =2 Ay 3 =3 o1 02y 2 =2 1 1y 3 _ g=3 1 .2
which are: ¢f = {x], 21}, ¢f = {7, 21,21}, 5 = {75, 3, 21}, ¢ = {73, x3, x5,
o 22}, & = {74, 2k, 28}, and & = {73, 21,22, 21, 23}, Indeed, % is not sat-
isfied by As.

(2) Assume now that the answer to U-COL is negative. If it is negative
because there are at least two k-IS-partitions of V', then we have at least
two assignments satisfying the instance of U-SAT: we have seen above how
to construct a suitable assignment from a k-IS-partition, and different par-
titions lead to different assignments. If there is no k-IS-partition, then there
is no assignment satisfying U-SAT, because such an assignment would give
a k-IS-partition, as we have seen above in the proof with A,. So in both
cases, a NO answer to U-COL implies a NO answer to U-SAT. A

Theorem 21 For every integer k > 3, the problems U-SAT, U-1-3-SAT,
U-k-SAT, U-k-COL and U-COL have equivalent complezities, up to polyno-
mials. All are NP-hard and belong to the class DP. A

Note that, using the same argument as in the proof of Proposition 14, it
could have been shown directly that U-k-COL and U-COL belong to DP.

3.3 Location of U-OCOL

Obvioulsy, U-OCOL is NP-hard. We provide an algorithm which answers
YES or NO to U-OCOL, thus giving an upper bound on its complexity, and
allowing to locate it, still in a fuzzy way, in the class hierarchy.

Proposition 22 The problem U-OCOL belongs to the class LNT.

Proof. Using a standard dichotomous process, with a logarithmic number
of calls to an algorithm solving k-COL, which is in NP, we can build an
algorithm outputting the chromatic number of G, for any graph G.

Once we have computed the chromatic number, we question the in-
stance G of U-k-COL, with k£ equal to the chromatic number, and we get
the answer to U-OCOL.

Since U-k-COL belongs to DP and DPC LNF | all in all we obtain an al-
gorithm solving U-OCOL with a logarithmic number of calls to an algorithm
solving a problem in NP. A
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Note that using an algorithm for U-k-COL without knowing the chromatic
number leads nowhere, because a NO answer cannot be interpreted: either
k is smaller than the chromatic number, and there is no colouring, or k is
greater than or equal to the chromatic number, but there is more than one
colouring.

4 Conclusion

Theorem 21 states that the five problems, U-SAT, U-1-3-SAT, U-k-SAT,
U-k-COL and U-COL, are equivalent and lie somewhere in the vertically
hatched area of Figure 6, but probably not in DP-C| c¢f. Remark 15.

As for the problem U-OCOL, we have a poorer result (Proposition 22):
it lies within the areas that are hatched horizontally or vertically.

Finally, U-2-SAT (Theorem 4) and U-2-COL (trivially) are polynomial.

In [8], the authors wonder whether

e (A) U-SAT is NP-hard, but here what they mean is: does there exist a
polynomial reduction from an NP-complete problem to U-SAT ? i.e., they
use the second definition of NP-hardness.

They show that (A) is true if and only if
e (B) U-SAT is DP-complete.

So, if one is careless and considers that U-SAT is NP-hard without check-
ing according to which definition, one might easily jump too hastily to the
conclusion that U-SAT is DP-complete, which, to our knowledge, is not
known to be true or not.

As for U-3-SAT, we do not know where to locate it more precisely either;
in [10] the problems U-k-SAT and, more particularly, U-3-SAT are studied,
but it appears that they are versions where the given set of clauses has zero
or one solution, which makes quite a difference with our problem.

Open problem(s). Give a better location for U-SAT, U-k-SAT, U-1-3-
SAT, U-k-COL, U-COL and U-OCOL, in the classes of complexity.
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U-2-SAT and U-2-COL

Figure 6: Some classes of complexity: Figure 1 revisited.
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Abstract

We study the complexity of four decision problems dealing with the
uniqueness of a solution in a graph: “Uniqueness of a Vertex Cover
with bounded size” (U-VC) and “Uniqueness of an Optimal Vertex
Cover” (U-OVC), and for any fixed integer » > 1, “Uniqueness of an
r-Dominating Code with bounded size” (U-DC,) and “Uniqueness of
an Optimal r-Dominating Code” (U-ODC,.). In particular, we give
a polynomial reduction from “Unique Satisfiability of a Boolean for-
mula” (U-SAT) to U-OVC, and from U-SAT to U-ODC,. We prove
that U-VC and U-DC,. have complexity equivalent to that of U-SAT
(up to polynomials); consequently, these problems are all NP-hard,
and U-VC and U-DC,. belong to the class DP.

Key Words: Graph Theory, Complexity Theory, NP-Hardness, Decision
Problems, Polynomial Reduction, Uniqueness of (Optimal) Solution, Dom-
ination, Dominating Codes, Vertex Covers, Boolean Satisfiability Problems
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5 Introduction

5.1 The Vertex Cover and Domination Problems

For the vast topic of 1-domination in graphs, see [25].

We shall denote by G = (V, E) a finite, simple, undirected graph with
vertex set V' and edge set E, where an edge between x € V and y € V is
indifferently denoted by xy or yz. The order of the graph is its number of
vertices, |V|. In a connected graph G, we can define the distance between
any two vertices z and y, denoted by dg(x,y), as the length of any shortest
path between z and y. This definition can be extended to disconnected
graphs, using the convention that dg(z,y) = +oo if no path exists between
x and y. The subscript G can be dropped when there is no ambiguity.

Given a graph G = (V, E), an independent set, or stable set, is a subset
V* C V such that for all u € V* v € V*, we have wv ¢ E. A clique, or
complete graph, is any subgraph (V~ C V, E~ C F) such that forallu € V—,
v € V™, u#wv, we have uv € E~. For an integer r > 1, the r-th power of G
is the graph G" = (V, E"), with E" = {uv : u € V,v € V,dg(u,v) < r}.

A wvertex cover of G (VC for short) is a subset of vertices V* C V such
that for every edge e = wv € E, V* N {u,v} # 0. We denote by ¢(G) the
smallest cardinality of a VC of GG, and call it the vertex cover number of G;
any VC V* with |V*| = ¢(G) is said to be optimal.

For any vertex v € V', the open neighbourhood N (v) of v consists of the
set of vertices adjacent to v, i.e., N(v) = {u € V : wv € E}; the closed
neighbourhood of v is B1(v) = N[v] = N(v) U {v}. This notation can be
generalized to any integer r > 0 by setting

B,(v) ={z eV :d(z,v) <r}.
For X C V, we denote by B,(X) the set of vertices within distance r from X:
B, (X) = Uzex By (m)

Whenever two vertices x and y are such that « € B,(y) (which is equivalent
to y € By(z)), we say that z and y r-dominate each other; note that every
vertex r-dominates itself. A set W is said to r-dominate a set Z if every
vertex in Z is r-dominated by at least one vertex of W, or equivalently:
Z C By (W).

A code C' is simply a subset of V', and its elements are called codewords.

We say that C is an r-dominating code in G if all the sets B, (v) N C,
v € V, are nonempty; in other words, every vertex is r-dominated by C, or
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V = B,(C). We denote by 7, (G) the smallest cardinality of an r-dominating
code in G, and call it the r-domination number of G; any r-dominating
code C with |C| = 7.(G) is said to be optimal. The following result needs
no proof.

Lemma 23 For all v > 1, the code C is r-dominating in G if and only if it
is 1-dominating in the r-th power of G. A

The following two problems are well known in graph theory as well as in
complexity theory, specially when r» = 1 for the second problem, stated here
for any fixed integer r > 1.

Problem VC (Vertex Cover with bounded size):
Instance: A graph G and an integer k.
Question: Does G admit a vertex cover of size at most k7

Problem DC, (r-Dominating Code with bounded size):
Instance: A graph G and an integer k.
Question: Does G admit an r-dominating code of size at most k?

As we shall see, these problems are NP-complete (Propositions 29 from [39], [21]
and 39 from [21], [33]). In this paper, we wish to locate, in the hierarchy of
complexity classes, the following four problems, dealing with the uniqueness
of solutions, optimal or not.

Problem U-VC (Unique Vertex Cover with bounded size):
Instance: A graph G and an integer k.
Question: Does G admit a unique vertex cover of size at most k7

Problem U-OVC (Unique Optimal Vertex Cover):
Instance: A graph G.
Question: Does G admit a unique optimal vertex cover?

Problem U-DC, (Unique r-Dominating Code with bounded size):
Instance: A graph G and an integer k.
Question: Does G admit a unique r-dominating code of size at most k7

Problem U-ODC, (Unique Optimal r-Dominating Code):
Instance: A graph G.
Question: Does G admit a unique optimal r-dominating code?

In Sections 6 and 7, we establish our results on vertex covers and dominating
codes, respectively; we prove in particular that there is a polynomial reduc-
tion from “Unique Satisfiability of a Boolean formula” (U-SAT) to U-OVC,
and from U-SAT to U-ODC,; and that U-VC and U-DC, are equivalent to
U-SAT (up to polynomials). This implies that:
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- U-VC, U-OVC, UDC, and U-ODC, (r > 1) are NP-hard;
— U-VC and UDC, (r > 1) belong to the class DP.
We also show that U-OVC and U-ODC, (r > 1) belong to the class LVF.

In forthcoming papers, we likewise investigate the issue of the uniqueness
of solutions for (a) Boolean satisfiability and graph colouring [34] (= Sec-
tions 1-4 in this Report), of which we shall use some of the results in the
present paper; (b) r-Identifying Code and r-Locating-Dominating Code [36]
(Sections 9-13); (c¢) Hamiltonian Cycle [37] (Sections 14-16).

In [33], we already investigated the complexity of the existence of, and of
the search for, optimal r-dominating codes, as well as optimal r-dominating
codes containing a given subset of vertices; some results will be re-used here,
see, e.g., Lemma 38.

For other works in this area, see [26] for vertex covers, and [20], [31], [42]
and [43] for some problems related to domination in the binary hypercube.

In the sequel, we shall also need the following tools, which constitute clas-
sical definitions and decision problems, related to Boolean satisfiability. We
consider a set X' of n Boolean variables x; and a set C of m clauses (C is
also called a Boolean formula); each clause ¢; contains x; literals, a literal
being a variable x; or its complement Z;. A truth assignment for X sets
the variable z; to TRUE, also denoted by T, and its complement to FALSE
(or F), or vice-versa. A truth assignment is said to satisfy the clause ¢; if ¢;
contains at least one true literal, and to satisfy the set of clauses C if every
clause contains at least one true literal. The following decision problems, for
which the size of the instance is polynomially linked to n + m, are classical
problems in complexity.

Problem SAT (Satisfiability):

Instance: A set X of variables, a collection C of clauses over X, each clause
containing at least two different literals.

Question: Is there a truth assignment for X’ that satisfies C?

The following problem is stated for any fixed integer k > 2.

Problem k-SAT (k-Satisfiability):

Instance: A set X of variables, a collection C of clauses over X, each clause
containing exactly k different literals.

Question: Is there a truth assignment for X’ that satisfies C?

Problem 1-3-SAT (One-in-Three Satisfiability):
Instance: A set X of variables, a collection C of clauses over X', each clause
containing exactly three different literals.
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Question: Is there a truth assignment for X such that each clause of C
contains exactly one true literal?

We shall say that a clause (respectively, a set of clauses) is 1-3-satisfied by
an assignment if this clause (respectively, every clause in the set) contains
exactly one true literal. We shall also consider the following variants of the
above problems:

U-SAT (Unique Satisfiability),

U-k-SAT (Unique k-Satisfiability),

U-1-3-SAT (Unique One-in-Three Satisfiability).
They have the same instances as SAT, k-SAT and 1-3-SAT respectively, but
now the question is “Is there a unique truth assignment...?”.

We shall give in Proposition 25 and Corollary 26 what we need to know
about the complexities of these problems. We now provide the necessary
definitions and notation for complexity.

5.2 Necessary Notions in Complexity

We expound here, not too formally, the notions of complexity that will be
needed in the sequel. We refer the reader to, e.g., [6], [21], [38] or [45] for
more on this topic.

A decision problem is of the type “Given an instance I and a property PR
on I, is PR true for I7?”, and has only two solutions, “yes” or “no”. The
class P will denote the set of problems which can be solved by a polynomial
(time) algorithm, and the class NP the set of problems which can be solved
by a nondeterministic polynomial algorithm. A polynomial reduction from a
decision problem 7; to a decision problem 75 is a polynomial transformation
that maps any instance of 71 into an “equivalent” instance of gy, that is,
an instance of mo admitting the same answer as the instance of 7q; in this
case, we shall write m; —, m2. Cook [14] proved that there is one problem in
NP, namely SAT, to which every other problem in NP can be polynomially
reduced. Thus, in a sense, SAT is the “hardest” problem inside NP. Other
problems share this property in NP and are called NP-complete problems;
their class is denoted by NP-C. The way to show that a decision problem
w is NP-complete is, once it is proved to be in NP, to choose some NP-
complete problem 7 and to polynomially reduce it to w. From a practical
viewpoint, the NP-completeness of a problem 7 implies that we do not
know any polynomial algorithm solving 7, and that, under the assumption
P=# NP, which is widely believed to be true, no such algorithm exists: the
time required can grow exponentially with the size of the instance (when
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the instance is a graph, its size is polynomially linked to the order of the
graph).

The complement of a decision problem, “Given I and PR, is PR true
for 1?77, is “Given I and PR, is PR false for I?”. The class co-NP (respec-
tively, co-NP-C) is the class of the problems which are the complement of a
problem in NP (respectively, NP-C).

For problems which are not necessarily decision problems, a Turing re-
duction from a problem 7 to a problem 7 is an algorithm A that solves m
using a (hypothetical) subprogram S solving 72 such that, if S were a poly-
nomial algorithm for 9, then A would be a polynomial algorithm for 7.
Thus, in this sense, mo is “at least as hard” as m;. A problem 7 is NP-
hard (respectively, co-NP-hard) if there is a Turing reduction from some
NP-complete (respectively, co-NP-complete) problem to 7 [21, p. 113].

Remark 24 Note that with these definitions, NP-hard and co-NP-hard co-
incide [21, p. 114].

The notions of completeness and hardness can of course be extended to
classes other than NP or co-NP. NP-hardness is defined differently in [15]
and [27]: there, a problem 7 is NP-hard if there is a polynomial reduction
from some NP-complete problem to m; this may lead to confusion (see Sec-
tion 8).

We also introduce the classes PN' (also known as Ay in the class hi-
erarchy) and LN? (also denoted by PNPIOUeen)] or @), which contain the
decision problems which can be solved by applying, with a number of calls
which is polynomial (respectively, logarithmic) with respect to the size of the
instance, a subprogram able to solve an appropriate problem in NP (usually,
an NP-complete problem); and the class DP [46] (or DIFT [8] or BH, [38],
[52], ...) as the class of languages (or problems) L such that there are two
languages L1 € NP and Lo €co-NP satisfying L. = L N Ly. This class is
not to be confused with NPNco-NP (see the warning in, e.g., [45, p. 412]);
actually, DP contains NPU co-NP and is contained in L. See Figure 7.

Membership to P, NP, co-NP, DP, LN* or PN? gives an upper bound
on the complexity of a problem (this problem is not more difficult than ...),
whereas a hardness result gives a lower bound (this problem is at least
as difficult as ...). Still, such results are conditional in some sense; if for
example P=NP, they would lose their interest. But we do not know whether
or where the classes of complexity collapse.

We now consider the satisfiability problems defined in Section 5.1.

The problems SAT and 3-SAT are two of the basic and most well-known
NP-complete problems [14], [21, p. 39, p. 46 and p. 259]. More generally,
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Figure 7: Some classes of complexity.

k-SAT is NP-complete for k > 3 and polynomial for & = 2. The problem
1-3-SAT, which is obvioulsy in NP, is also NP-complete [48, Lemma 3.5],
[21, p. 259], and Remark 3 in this Report.

In [34] we proved the following (= Theorem 10 in this Report).

Proposition 25 For every integer k > 3, the problems U-SAT, U-k-SAT
and U-1-3-SAT are equivalent, up to polynomials. A

Using results from [8] and [45, p. 415], it is then rather simple to obtain the
following result.

Corollary 26 For every integer k > 3,

(a) the decision problems U-SAT, U-k-SAT and U-1-3-SAT are NP-hard
(and co-NP-hard by Remark 24);

(b) the decision problems U-SAT, U-k-SAT and U-1-3-SAT belong to the
class DP. A

Remark 27 It is not known whether these problems are DP-complete. In [45,
p. 415], it is said that “U-SAT is not believed to be DP-complete”.

We are now ready to investigate the problems of Vertex Cover and Domi-
nation.
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6 Vertex Covers

In this section, we are going to describe three polynomial reductions:
U-1-3-SAT —,, U-VC and U-1-3-SAT —, U-OVC (Theorem 30),
U-VC —, U-SAT (Theorem 33).
The consequence of these reductions is that U-SAT and U-VC have equiv-
alent complexity, that U-VC and U-OVC are NP-hard, and that U-VC be-
longs to DP. We shall also show that U-OVC belongs to the class LVY.

6.1 Preliminary Results

The following result characterizes the vertices belonging to at least one op-
timal VC, through the comparison of two vertex cover numbers, and will be
used in the (constructive) proof of Proposition 35.

Lemma 28 Let G = (V,E) be a graph. For a given vertex a € V, we
consider the following graph: G, = (Vy, Eq), with

Vo =V U{B1, B2}, Ea = EU{apf1, afa},

where, for 1 <i <2, 5; ¢ V. Then a belongs to at least one optimal vertex
cover in G if and only if ¢(G) = ¢(G,).
Proof. (a) Let a be a vertex belonging to at least one optimal vertex cover
C in G; then C is a VC in G, as well, and ¢(G,) < |C| = ¢(G).

On the other hand, let C* be an optimal VC in G. Then obviously
a € C* and none of the §;’s belongs to C*. Consequently, C* C V, C* is a
VC in G, and ¢(G) < |C*| = ¢(Gq).

Therefore, with this assumption on «, we have: ¢(G) = ¢(Gy).

(b) Conversely, assume that ¢(G) = ¢(G,) for a vertex o € V. Let C*
be an optimal VC in G, ; again, a € C*, and none of the 3;’s belongs to C*.
Then C* is a VC in G, it has size ¢(Gq) = ¢(G), and it contains a. A

Proposition 29 [39], [21, p. 46 and p. 190] The decision problem VC is
NP-complete. A

Actually, we shall only use the fact that the problem VC belongs to NP, in
the proofs of Propositions 35 and 36.

6.2 Uniqueness of Vertex Cover

6.2.1 From U-1-3-SAT to U-VC and U-OVC

Theorem 30 There exists a polynomial reduction from U-1-3-SAT to U-VC
and to U-OVC: U-1-3-SAT —, U-VC and U-1-3-SAT —, U-OVC.
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Figure 8: Illustration of the graph constructed for the reduction from U-
1-3-SAT to U-OVC, with four variables and two clauses, ¢; = {z1, z2, 23},
¢y = {Ta,x3,24}. The sixteen black vertices form the (not unique) optimal
vertex cover V* corresponding to the (not unique) truth assignment x; =
T, xo =F, x3 =F, x4 =F 1-3-satisfying the clauses. As soon as we set
V*N(ViuVoUVaUuVy) = {x1, T2, T3, T4}, the other vertices in V* are forced.

Proof. Going deeper into the proof of the NP-completeness of the problem
Vertex Cover (see [39], [21, pp. 54-56]), which uses a polynomial reduction
from 3-SAT and obviously does not convey the uniqueness of the solution,
we describe a polynomial reduction from the problem U-1-3-SAT to U-VC
and U-OVC, see Figure 8. If the instance of U-1-3-SAT consists of a set C
of m clauses over n variables, we construct

— one vertex denoted by X;

— for each clause c;, a triangle T = {a;, b;,d;};

— for each variable z;, a component G; = (V; = {x;,7;}, E; = {z;T;})
and an auxiliary triangle T} = {a}, b}, d} } whose vertices are linked to z;, Z;
and X by the three edges z;a;, T;d; and b; X, called “auxiliary membership
edges”.

Then we link the components G; on the one hand, and the triangles T); on
the other hand, according to which literals appear in which clauses (“mem-
bership edges”). For each clause ¢; = {{1, {2, (3}, we also add the triangular
set of edges EJ’ = {l10y, 0103, 0503},

The graph G thus constructed constitutes the instance of U-OVC, and,
together with the integer k = 2m + 3n, the instance of U-VC. The order
of Gis 1+ 3m + 5n.

Note that if V* is a VC, then each triangle T} and each auxiliary trian-
gle T contain at least two vertices, each component G; at least one vertex,
and |[V*| > 2(m+n)+n =2m+3n = k; if |V*| = k, then V* is optimal,
and each triangle contains exactly two vertices, each component G; exactly
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one vertex. We can also observe that, because of the edge sets E}, at least

two vertices among /1, (2, /3 belong to any VC.

(a) Let us first assume that the answer to U-1-3-SAT is YES: there is
a unique truth assignment 1-3-satisfying the clauses of C. Then, by taking,
in each G, the vertex corresponding to the literal which is TRUE, in every
triangle T}, the two vertices which are linked to the two false literals of c;,
and in every auxiliary triangle the vertex linked to X and the one linked to
the false literal, we obtain a VC V* whose size is equal to kK = 2m + 3n,
which is optimal. Note that X ¢ V*; in fact, once we have put the n vertices
corresponding to the true literals in the VC V* in construction, we have no
choice for the optimal (up to k) completion of V*: when we take two vertices
in T}, we must take the two vertices which cover the membership edges linked
to the two false literals (in Figure 8, the vertices by, d; and by, d2); similarly,
we have no choice either for the auxiliary triangles. So, if another optimal
VC V' (of size k) exists, it must have a different distribution of its vertices
over the components Gj, still with exactly one vertex in each G;; this in
turn defines a valid truth assignment, by setting x; =T if x; € VT, ; =F
if 7, € V. Now this assignment 1-3-satisfies C, thanks in particular to
our observation on the covering of the edges in E; So we have two truth
assignments 1-3-satisfying C, contradicting the YES answer to U-1-3-SAT;
therefore, V* is the only optimal VC (with size k). So we have a YES answer
to both U-VC and U-OVC.

(b) Assume next that the answer to U-1-3-SAT is NO: this may be either
because no truth assignment 1-3-satisfies the instance, or because at least
two assignments do; in the latter case, this would lead, using the same
argument as in the previous paragraph, to at least two optimal VC (of size
k =2m + 3n), and a NO answer to both U-VC and U-OVC. So we are left
with the case when the set of clauses C cannot be 1-3-satisfied. As seen
previously when discussing VT, this implies that no VC of size k exists; this
is sufficient to show that the answer is also NO for U-VC.

Assume then that V* is an optimal VC, of unknown size |V*| > 2m+3n.
Then (i) at least one triangle contains three vertices of V*, or (ii) at least one
component G; contains two vertices of V*, or (iii) X € V*. Assume first that
one triangle T} or one auxiliary triangle 7} contains three vertices belonging
to V*; this can happen only if the three membership edges, auxiliary or not,
starting from this triangle are not covered by their other ends (otherwise, we
could save one vertex in the triangle). But then, exchanging in V* one vertex
of this triangle with the other end of its membership edge gives another
optimal VC, and a NO answer to U-OVC. So we may assume from now on
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that all the triangles have exactly two vertices in V*. Assume next that a
component G; has two vertices belonging to V*; then inside its auxiliary
triangle 7", we have at least two possibilities for choosing the two vertices
belonging to V*, and, once again, a NO answer to U-OVC. So we are left
with the case when X € V*  but again, using the same type of argument,
there is choice inside the auxiliary triangles. So in all cases, we have a NO
answer to U-OVC. JAN

Corollary 31 The decision problems UVC and U-OVC are NP-hard.

Proof. Use Theorem 30 and Corollary 26(a). A

6.2.2 An Upper Bound for the Complexity of U-VC

Remark 32 The method carried out in the proof of the following theorem
s quite general and can be used with other types of problems, e.g., those
mwvolving the existence of a vertex set with bounded size in a graph: roughly
speaking, the clauses constructed below in (a) “describe” the problem, those
in (b) deal with the size of the set, and finally the clauses in (c) rule out
multiple solutions obtained by permutations, symmetries, ..., and guaran-
tee the uniqueness. See also the proof of Theorem 46 below, as well as of
Theorem 68.

Theorem 33 There exists a polynomial reduction from U-VC to U-SAT:
U-VC —, U-SAT.

Proof. We start from an instance of U-VC, a graph G = (V, E) and an
integer k, with V = {z',...,2IV}; we assume that |[V/| > 3. We create the
set of variables X = {2/ : 1 < h < |V|,1 <i < k} and the following clauses:

(a) for each edge x"'z* € E, clauses of size 2k: {x}, 25, ... ,xZ, P xﬁ};

(bl) for 1 <i <k and 1 < h < £ <|V|, clauses of size two: {Z/,7};

(b2) for 1 <i< j <kand1l<h<|V|], clauses of size two: {Ii‘,fg”},

(c)forl1<i<kandl</?¢<|V| forl<h</{andi<j<Ek, clauses
—h

: -
of size two: {77, 7}

Note that the number of variables and clauses is polynomial with respect to
the order of G, since we may assume that k < |V].

Assume that we have a unique VC of size k in G, V* = {aP! P2,
coo,xPR} with p1 < pe < ... < pg. Observe that V* is optimal (oth-
erwise, any optimal VC destroys the uniqueness assumption). Define the
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assignment A; by A;j(zh?) =T for 1 < ¢ < k, and all the other variables are
set FALSE by A;. This assignment satisfies all the clauses; indeed:

(a) at least one of 2", z¢ belongs to V*; if, say, 2" = 2P« € V*, then by
definition xZ is set TRUE by A;, and satisfies the clause;

(b1) if {z,%¢} is not satisfied for some h, i, £, then A; (27) = Ay (2f) =T,
which would mean that two different vertices are the i-th element in V*;

(b2) if {ff,f?} is not satisfied, this means that x appears more than
once in V*;

(c) if {ff,f?} is not satisfied for some ¢, ¢, with h < ¢ and ¢ < j, then
Ai(2f) = Ay (J:;‘) =T. This means that #* = 2P and 2" = 2Pi; so £ = p;,
h = p;. Now h < £ implies that p; < p;, but ¢ < j implies that p; < p;, a
contradiction.

Is A; unique? Assume on the contrary that another assignment, As, also
satisfies the constructed instance of U-SAT. By (a), at least one variable z?
or x§ is set TRUE by Ay, for every h, £ corresponding to an edge z"z¢, and
for some i or j; so if V7T is a vertex set which contains the vertex 2" as soon
as some variable ! is set TRUE by Ay, then V* is a vertex cover. By (bl),
for each i € {1,...,k} there is at most one variable with subscript i set
TRUE by Aj; this tells us that we have constructed a VC with (at most)
k elements. Since such a VC is unique by assumption, we can see that A;
and Ay have “selected” the same k vertices, i.e., for each py € {p1,...,pr},
there is exactly one variable, 57, set TRUE by Aj, and, thanks to (b2),
exactly one variable, say z5?, set TRUE by Ay. All the other variables with
superscript p, are FALSE by A; or As. Then, using (c), we can see that
necessarily ¢ = s for every p,, and that A; and Az must coincide: indeed,
assume on the contrary that for some ¢ € {1,...,k}, we have ¢ # s; we
treat the case 1 < ¢ < s < k, the case 1 < s < ¢ < k being similar. Then
if we consider the subscripts smaller than s, there must be one, say v, such
that there is a superscript p, > p, verifying As(ah*) =T. Now the clause
from (c) {Zh*, 75"} is not satisfied by As, a contradiction.

So a YES answer for U-VC leads to a YES answer for U-SAT. Assume
now that the answer to U-VC is negative. If it is negative because there
are at least two VC of size k, then we have at least two assignments satisfy-
ing the instance of U-SAT: we have seen above how to construct a suitable
assignment from a VC, and different VC obviously lead to different assign-
ments. If there is no VC of size k, then there is no assignment satisfying
U-SAT, because such an assignment would give a VC of size k, as we have
seen above with As. So in both cases, a NO answer to U-VC implies a NO
answer to U-SAT. AN
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Theorem 34 For every integer k > 3, the problems U-SAT, U-1-3-SAT,
U-k-SAT and U-VC have equivalent complezity, up to polynomials.
As a consequence, U-VC belongs to the class DP.

Proof. Simply gather Proposition 25, Theorems 30 and 33, and Corol-
lary 26(b). A

Note that it could have been shown directly that U-VC belongs to DP.

6.2.3 Two Upper Bounds for the Complexity of U-OVC

We give a first upper bound on the complexity of U-OVC, because the proof
is interesting in itself, because it uses a constructive argument (if there is
a unique optimal vertex cover, the algorithm can output it), and because
for some problems it is sometimes the only available method and result.
In the case of Vertex Cover however, we can improve on Proposition 35,
and instead of calling a polynomial number of times an algorithm solving a
problem in NP, we need to call it only a logarithmic number of times, see
Proposition 36.

Proposition 35 The decision problem U-OVC belongs to the class PN,
In case of a YES answer, one can give the only optimal vertex cover within
the same complexity.

Proof. Let A; be an algorithm solving the problem VC, which is in NP,
cf. Proposition 29; using a standard dichotomous process, we obtain an
algorithm A outputting ¢(G) for any graph G, with a logarithmic number
of calls to Aj.

Let G = (V, E) be any instance of U-OVC, with n vertices. Run Ajs for G,
then, for each vertex v € V, run A; for G,, the graph defined in Lemma 28.
By the same lemma, we know, by comparing ¢(G) and ¢(G,), whether v
belongs to at least one optimal VC in G or not. Let Y = {v1,..., v} be the
set of vertices with a positive answer; then necessarily ¢ € {¢(G), ¢(G) +
1,...,n}. Now if £ > ¢(G), there is more than one optimal VC in G, whereas
if £ = ¢(G), there is only one, namely, Y.

This shows that we can obtain the answer to U-OVC with n 4+ 1 calls
to Ajg, which leads to a polynomial number of calls to an algorithm solving
the problem VC, together with negligible operations such as constructing G,.
Moreover, we can construct the optimal VC when there is one. A

Proposition 36 The decision problem U-OVC belongs to the class LN,
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Proof. We use the same algorithm As as in the proof of the previous
proposition, for any graph G. Then, once we have ¢(G), we run an algorithm
solving U-VC, for the instance consisting of G and ¢(G). The answer is YES
if and only if there is a unique optimal VC in G. Since the problem VC is
in NP and U-VC is in DP (but actually, membership to LN* would suffice),
this amounts to a logarithmic number of calls to an algorithm solving a
problem in NP, plus one call for a problem in DP. Because DP CLNP | we
are done. A

Note that using an algorithm for U-VC without knowing ¢(G) would lead
nowhere, because a NO answer cannot be interpreted: either £ < ¢(G) and
there is no VC, or k > ¢(G), but there is more than one VC.

6.3 Related Results: Cliques and Independent Sets

Let G = (V,E) be a graph, and G¢ = (V, E°) be its complement. E¢ =
{uv : w € Vv € Vyu # v,uv ¢ E}. Then the following three statements
are equivalent: (a) V* is a vertex cover in G; (b) V' \ V* is an independent
set in G; (¢) V' \ V* induces a clique in G¢. These relationships are simple
enough to make it trivial to polynomially transform the problem VC to any
one of the following two problems, and vice-versa:

Instance: A graph G and an integer k.

Question: Does G admit
(1) an independent set of size at least k7  (2) a clique of size at least k7

It follows that

— these two problems have the same complexity as the problem VC;

— the problems of a unique clique (with bounded size or optimal) and
of a unique independent set (with bounded size or optimal) have the same
complexity as U-VC and U-OVC, respectively.

7 Dominating Codes

The approach for dominating codes is quite similar to the one for vertex
covers, but slightly more complicated because we shall have to study suc-
cessively 1-domination, then r-domination for general r.

After some necessary preliminary results, we are going to prove, for r > 1,
the polynomial reductions

U-3-SAT —, U-DC; and U-3-SAT —, U-ODC; (Theorem 40),

U-DC; —, U-DC, and U-ODC; —, U-ODC, (Theorem 42),
U-DC, —, U-DC; and U-ODC, —, U-ODC; (Proposition 44),
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U-DC; —, U-SAT (Theorem 46).
The consequence of these reductions is that U-DC,. and U-ODC,. are NP-
hard. Also, U-SAT and U-DC, have equivalent complexity; as a result,
U-DC, belongs to DP. We shall also show that U-ODC, belongs to the
class LNP.

7.1 Preliminary Results

The following lemma will be used in the proof of Theorem 42.

Lemma 37 Let r > 1 be any integer and let G, = (V. E

o, B .) be the graph
defined as follows:

Vo ={u,v}U{e; : 1 <i<r =13 U{B;;: 1 <i<r—1,1<j<3r},
E;, = {uay,onan,. .., 0010} U
U{iBit, Bi1Bi2s - s BipBipsts - Bigr—1Bigr : 1 < < — 1} U
U{BirBi2r+1: Bizr+1Bi20425 - - -5 Bigr—1Bigr : 1 < i <1 — 1},

see Figure 10 further down. Then v,(G5,) =71, C1 ={u} U{Bi, : 1 <i <
r—1} and Cy = {v} U{Bi, : 1 <i <r —1} are two optimal r-dominating
codes in G}, and any optimal r-dominating codes in G, contains W =

{Bir:1<i<r—1}.

Proof. Because the r — 1 vertices f3; 2, must be r-dominated by some code-
word, at least r — 1 codewords are necessary. But no vertex can simultane-
ously r-dominate 3; 2, and u or v, so at least one more codeword is required,
and v, (G%,) > r. On the other hand, it is quite straightforward to check that
C1 and Cs are r-dominating codes, of size r, so that they are optimal, and
v (G5,) = r. Finally, for a given i € {1,...,r—1}, only §; , can r-dominate
both f; 2, and f; 3, and so 3;, belongs to any optimal r-dominating code.

A

Also note that, for any given ¢ with 1 < ¢ < r—1, the vertex 3;, r-dominates
exactly o; and 3; j, for 1 < 5 < 3r.

The following lemma, which characterizes the vertices belonging to at
least one optimal r-dominating code, through the comparison of two r-
domination numbers, is very similar to Lemma 28 for vertex covers; it will
be used for Proposition 48. It is a simplified version of [33, Cor. 2].

45



Figure 9: The graph G constructed in the proof of Theorem 40.

Lemma 38 Let G = (V, E) be a graph, and let v > 1 be any integer. For a
given vertex o € V, we consider the following graph: G, = (Vy, Ey), with

Va=VU{Bi:1<i<r}, Eo=EU{af1} U{BiBix1:1<i<r—1},

where fori € {1,...,r}, Bi ¢ V. Then « belongs to at least one optimal
r-dominating code in G if and only if v, (G) = v (Gq). AN

Proposition 39 /21, p. 75 and p. 190, for r = 1], [33, Prop. 9] Let r > 1
be any integer. The decision problem DC,. is NP-complete. A

Actually, we shall only use the fact that DC, belongs to NP, for Proposi-
tions 48 and 49. Note that the proofs of Proposition 39 do not deal with
the problem of the uniqueness of a solution.

7.2 Uniqueness of Dominating Code
7.2.1 From U-3-SAT to U-DC; and U-ODC;

Theorem 40 There exists a polynomial reduction from U-3-SAT to U-DC4
and to U-ODCy: U-3-SAT —, U-DCy and U-3-SAT —, U-ODC}.

Proof. The construction of a graph is common to the two reductions, then
we add an integer k for U-DC;. We start from an instance of U-3-SAT,
a collection C of m clauses over a set X of n variables. For each variable
x; € X, 1 < i < n, we construct the graph G; = (V;, E;) as follows (see
Figure 9):

Vi = {2, Ti, 04,0} U{agp: 1 <0 <3,

E; = {zja;, Tia;, a;bi} U {xio 0, Tiog 0 0 1 < £ < 3},

Then for each clause c¢j, 1 < 7 < m, containing three literals, we create one
vertex, A;, and link it to the three vertices corresponding, in the graphs Gj,
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to the literals of ¢;. This is our graph G} its order is 7n + m. Additionally,
we set k = 2n for U-DC;.

Note already that, because of the vertices b; and «;y, any optimal 1-
dominating code in G contains x; or T;, and a; or b;, for all i € {1,...,n}.
Consequently, v1(G) > 2n = k.

We claim that there is a unique solution to 3-SAT if and only if there
is a unique optimal 1-dominating code, and if and only if there is a unique
1-dominating code of size (at most) k, in G.

(1) Assume first that there is a unique truth assignment satisfying all
the clauses. We construct the following code C: for ¢ € {1,...,n}, among
the vertices x; € V;, T; € V;, we put in C the vertex z; if the literal x; has
been set TRUE, the vertex T; if the literal x; is FALSE, and we add a;. Then
C is a 1-dominating code; in particular, every vertex A; is 1-dominated by
at least one codeword since every clause contains at least one true literal.
The code C has size £ = 2n and is optimal. Moreover, once x; or T; is a
codeword, the only way to complete the code with not more than n addi-
tional codewords is to take a;, so that T; or z; is 1-dominated by C, since
no A; is a codeword. The code C is unique: suppose on the contrary that
C* is another 1-dominating code of size 2n in G. Then |C* N V;| = 2 for all
i€ {l,...,n}, no A; is a codeword, and exactly one of x; and T; is in C*.
This defines a valid truth assignment for X, by setting x; =T if z; € C*,
x; =FifT; € C*. Since C' # C*, this assignment is different from the assign-
ment used to build C'. But the fact that C* 1-dominates A; for all j shows
that there is a codeword z; or T; 1-dominating A;, which means that the
clause c; is satisfied. Therefore, we have a second assignment satisfying the
instance of 3-SAT, a contradiction. We can conclude that both problems,
U-DC;y and U-ODCj, also have a YES answer.

(2) Assume next that the answer to U-3-SAT is NO: this may be either
because no truth assignment satisfies the instance, or because at least two
assignments do; in the latter case, this would lead, using the same argument
as previously, to at least two optimal 1-dominating codes of size k = 2n, and
a NO answer to U-DC; and to U-ODC;. So we are left with the case when
the set of clauses C cannot be satisfied. This implies that no 1-dominating
code of size k = 2n exists, as seen with C*; this is sufficient to end the proof
for U-DCy, but we have to go on for U-ODC;: assume then that C' is an
optimal 1-dominating code of unknown size |C| > 2n. We know that each V;
contains at least two codewords. Where can the extra codeword(s) be?

Suppose that a vertex A, is a codeword. If the three vertices in {z;, @; :
1 < i < n} to which Aj; is linked are codewords, then Aj, could have
been saved. So there is at least one neighbour of Aj;, say x;,, which does
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not belong to C. Now z;, € C, z;, is 1-dominated by A, € C, and either
cnVi, = {=i,, ai, } or CNV;, = {T;,, bi, } may be part of an optimal solution,
i.e., we have a NO answer for U-ODC;.

So we can assume from now on that no A; is a codeword, and that there
is at least one set V;, containing at least three codewords. If it is more than
three, then codewords can be spared. If it is exactly three, then z;, and
T;, are codewords, so that some vertices A; linked to them are 1-dominated
by C' thanks to x;, and T;,: otherwise, two codewords inside V;, would have
been sufficient. Now we have a choice for the third codeword in Vj,: it can
be either a;, or b,.

In all cases, we have proved that there can be several optimal 1-dominating

codes, i.e., we have a NO answer for (G, the constructed instance of U-ODC;.
A

Remark 41 The fact that all the clauses have degree three has no impor-
tance whatsoever, and the proof could also work using any problem U-k-SAT,
k>3, or U-SAT. Only the degrees of the vertices A; would be affected.

7.2.2 Extension tor > 2

Theorem 42 Let r > 2 be any integer. There is a polynomial reduction
from U-ODCy to U-ODC, and from U-DCy to U-DC,: U-ODC, —, U-
ODC, and U-DCy —, U-DC;.

Proof. This proof is inspired by the proof of Proposition 9 in [33]. We start
from a graph G = (V, F') and an integer k for U-DCy, and the same graph G
for U-ODC;.

The graph G* = (V*, E¥) is common to the reduction to U-DC, and to
U-ODC, (see Figure 10), and is defined by setting, for each edge e = uv € FE,

Vi=aei:1<i<r—1}U{fesj:1<i<r—1,1<j<3r},

E: = {uae,la Qe 1Qe 2, .-y Qe r—20er—1, ae,r—lv} U
U{e,iBe,i1s Be,i1Beyi2s - - s BeyirBeirt1s - > Bejizr—1Beior 1 1 <i < =1} U
U{Be,irBei2r+1, Beji2r+18e,i2r+25 - - -5 Bejigr—1Peizr : 1 <0 <r— 1}

Then we set
V¥ =V U (UeegVy), E* = UeerE?>.

Finally, for U-DC,, we put k* = k + (r — 1)|E|. The order of G* is |E|(r —
1)(3r +1).
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Figure 10: How the edge e = uv € E gives V) and E}. The black vertices
on the branches are the vertices B¢ ; ,.

(1) We claim that an instance of U-ODC; is positive if and only if the
corresponding instance of U-ODC,. is.

(a) First, we assume that there is a YES answer in G for U-ODCj: there
is a unique optimal 1-dominating code C'in G. Let W be the set consisting of
the (r —1)|E| vertices fer, e € E, 1 <i <r—1. Note that W r-dominates
exactly V*\ V, and that, by Lemma 37, any optimal r-dominating code
in G* contains W. Because C' is 1-dominating in G, clearly C* = CUW
is r-dominating in G*. Note in particular that two vertices v and v at
distance 1 in G are at distance r in G*.

Because moreover C is optimal, the code C* is also optimal: assume on
the contrary that Ct is an optimal r-dominating code in G*, with |C"| <
|C*|. We proceed as in the proof of Proposition 9 in [33]: the subcode CT\W
must r-dominate all the vertices in V, and if a codeword in V*\ V' performs
part of this task, it can be replaced by a vertex in V. After such replacements
have possibly been made, we have a code C'* such that C* NV r-dominates,
in G*, all the vertices in V; this implies that in G, C* NV 1-dominates all
the vertices. But [C* NV| < [CT\ W| < |[C*\ W[ = |C| = 1(G), ie.,
|C* NV| <~ (G), which is impossible.

Finally, because we assumed that C' was the only optimal 1-dominating
code in G, the code C* = C'U W is the only optimal r-dominating code
in G*. Suppose on the contrary that CT is another optimal code in G*:
[CF| = |C*| = |C| + |W].

(i) CTNV = CT\ W, or, equivalently, (V*\V)NC*T = W. Then, as we
have already seen, C*NV is 1-dominating in G, and either CTNV = C*NV,
which leads to CT = C*, or CT NV # C* NV, in which case we have two
optimal 1-dominating codes in G, C™ \ W and C* \ W = C. In both cases,
we have a contradiction.

(i) CT NV # CT\ W. Then there is at least one codeword z € CT
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belonging to some V" \ {Beir : 1 < i < r — 1}, with e = wv € E. Then 2
must r-dominate u or v or both; otherwise, z is useless and can be saved.
For the same reason, u ¢ C* and v ¢ C; but then (C* \ {z}) U {u} and
(C*t\{z})U{v} are also both r-dominating in G*. By similarly replacing all
the t codewords in (V*\ W)\ V, t > 1, by codewords in V, we have 2! codes
included in VUW which are all r-dominating in G*, which implies that their
intersections with V' all are 1-dominating in G; moreover, these intersections

have size (at most) |C*| — |W| = |C|, i.e., are optimal. Finally, there are
at least two of them, so at least one is different from C, contradicting its
uniqueness.

This shows that a YES answer to U-ODC; leads to a YES answer to
U-ODC,.

(b) And a NO answer to U-ODC; leads to a NO answer to U-ODC,,,
since two optimal 1-dominating codes in G, C; and Cjy, give two optimal
r-dominating codes in G*, C1 UW and Co U W.

This ends the part for U-ODC,..

(2) We claim that an instance of U-DC; is positive if and only if the corre-
sponding instance of U-DC, is.

(a) First, we assume that there is a YES answer for U-DCj: there is
a unique 1-dominating code C' with size at most k in G. Obviously, C is
optimal, otherwise any optimal 1-dominating code in G would contradict the
uniqueness of C. Consider the code C* = CUW in G*, of size k+(r—1)|E| =
k*. Exactly as in Step (1) of this proof, C* is r-dominating, is optimal, and
is the only r-dominating code of size at most k£* in G*. So the answer to
U-DC, is also positive.

(b) Next, we assume that the answer to U-DC; is NO: either there is
no 1-dominating code with size at most k in G, or there is more than one.
In the latter case, we have more than one r-dominating code with size at
most k* in G*: simply add the set W to the codes in G. So we assume that
we are in the first case. This implies in particular that 1 (G) > k; using the
same argument as in Step (1), we can see that v,(G*) > k+ (r —1)|E| = k¥,
and there is no r-dominating code with size at most £* in G*. In all cases,
the answer to U-DC,. is NO. A

Corollary 43 Let r > 1 be any integer. The decision problems U-DC, and
U-ODC, are NP-hard. A

Proposition 44 Let r > 2 be any integer. There is a polynomial reduction
from U-DC, to U-DCy and from U-ODC, to U-ODCy: U-DC, —, U-DCy
and U-ODC, —, U-ODCj.
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Proof. Let (G,k) be an instance of U-DC, and G be an instance of U-
ODC,, for r > 2. The instance for U-DC; is simply (G", k), and G" for
U-ODCy, where G" is the r-th power of G: obviously, by Lemma 23, there
is a unique 1-dominating code of size k in G" if and only if there is a unique
r-dominating code of size k in GG, and there is a unique optimal 1-dominating
code in G" if and only if there is a unique optimal r-dominating code in G.

A

Corollary 45 Let ry > 1 and ro > 1 be any integers.

(a) The decision problems U-DC,, and U-DC,, are equivalent, up to
polynomials.

(b) The decision problems U-ODC,, and U-ODC,., are equivalent, up to
polynomials. A

7.2.3 An Upper Bound for the Complexity of U-DC,

Theorem 46 There exists a polynomial reduction from U-DCy to U-SAT:
U-DCy —, U-SAT.

Proof. We fully use Remark 32: we start from an instance of U-DCy, a
graph G = (V, E) and an integer k, with V = {z', ..., zIV1}; we assume that
V| > 3. We create the set of variables X = {z! : 1 < h < |V|,1 <i < k}
and the following clauses:

(a) for each vertex 2" € V with neighbours z™,... 2" clauses of
: . (h ok hooh h h v,
size (s + 1)k: {af, o5, ..., xp, oy o wpt o at,

(bl) for 1 <i <k and 1 < h < £ <|V|, clauses of size two: {Z/,7};

(b2) for 1 <i< j <kand1l<h<|V|] clauses of size two: {Ti‘,f?},
(c)forl1<i<kandl</?¢<|V| forl<h</{andi<j<Ek, clauses

of size two: {ff,f? .

Compared to the proof of Theorem 33, only the clauses in (a) are different:
they convey the fact that among the vertices ®, 2™, ... 2", at least one
must be put in a 1-dominating code. The proof then goes exactly as for
Theorem 33. A

By Proposition 44 or its corollary, this immediately implies that there is a
polynomial reduction from U-DC, to U-SAT.

Theorem 47 Let r > 1 and k > 3 be any integers. The problem U-DC;
has complezity equivalent to that of U-SAT, U-k-SAT and U-1-3-SAT.
As a consequence, U-DC, belongs to the class DP. A

Note that it could have been shown directly that U-DC,. belongs to DP.
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7.2.4 Two Upper Bounds for the Complexity of U-ODC.,.

The (constructive) membership of U-ODC,. to the class PN and the mem-
bership to LV can be proved in exactly the same way as in Section 6.2.3 for
U-OVC. This time, it is the characterizing Lemma 38 which must be used,
together with Proposition 39.

Proposition 48 For r > 1, the decision problem U-ODC, belongs to the
class PN, In case of a YES answer, one can give the only optimal -
dominating code within the same complexity. A

Proposition 49 For r > 1, the decision problem U-ODC, belongs to LN .
A

8 Conclusion

Corollary 26 states that the three problems, U-SAT, U-1-3-SAT and U-k-
SAT (k > 3), are equivalent and lie somewhere in the vertically hatched
area of Figure 11, but probably not in DP-C, cf. Remark 27.

Theorems 34 and 47 state that U-VC and U-DC,., r > 1, have the same
complexity as the above three problems, and consequently are located in the
same hatched area.

We have also established that the decision problems U-OVC and U-
ODC,, r > 1, belong to the class LN?, see Propositions 36 and 49, and
that they are NP-hard, see Corollaries 31 and 43. This means that they lie
within the areas that are hatched horizontally or vertically. Moreover, all the
problems U-ODC, are equivalent between each other, by Corollary 45(b).

We have the same conclusions for Cliques and Independent Sets (see
Section 6.3).

In [8], the authors wonder whether

(A) U-SAT is NP-hard, but here we believe that what they mean is:
does there exist a polynomial reduction from an NP-complete problem to
U-SAT? i.e., they use the second definition of NP-hardness;

finally, they show that (A) is true if and only if

(B) U-SAT is DP-complete.

So, if one is careless and considers that U-SAT is NP-hard without checking
according to which definition, one might easily jump too hastily to the con-
clusion that U-SAT is DP-complete, which, to our knowledge, is not known
to be true or not. As for U-3-SAT, we do not know where to locate it more

52



Figure 11: Some classes of complexity: Figure 7 re-visited.

precisely either; in [10] the problems U-k-SAT and more particularly U-3-
SAT are studied, but it appears that they are versions where the given set
of clauses has zero or one solution, which makes quite a difference with our
problem.

Open problem 1 (general). For £ > 3 and r > 1, improve the location of
U-SAT, U-k-SAT, U-1-3-SAT, U-VC, U-OVC, U-DC, and U-ODC,, within
the classes of complexity.

Open problem 2. It is easy to establish that U-OVC —, U-ODC; (and
U-OVC —, U-ODC,, r > 2). What more can be said about the relationship
between U-OVC and U-ODC; (and U-ODC,)?

Open problem 3 (conjecture). Under the assumption P£NP, U-OVC is
not equivalent to U-VC, and U-ODC,. is not equivalent to U-DC,., r > 1.

Finally, in [17] (respectively, [24]), characterizations of the trees (respec-
tively, the block graphs, which are a class of graphs including the trees)
admitting a unique optimal 1-dominating code are given. This result, to-
gether with a linear algorithm determining optimal 1-dominating codes in
block graphs, then allows to show that the sub-problem of U-ODC; where
the instance is any block graph is linear.

Open problem 4. Is it possible to extend this kind of result to any integer
r > 17 to other classes of graphs?
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Abstract

We investigate the complexity of four decision problems dealing with
the uniqueness of a solution in a graph: “Uniqueness of an r-Locating-
Dominating Code with bounded size” (U-LDC,.), “Uniqueness of an
Optimal r-Locating-Dominating Code” (U-OLDC,.), “Uniqueness of
an r-Identifying Code with bounded size (U-IdC,), “Uniqueness of an
Optimal r-Identifying Code” (U-OIdC,.), for any fixed integer r > 1.

In particular, we describe a polynomial reduction from “Unique
Satisfiability of a Boolean formula” (U-SAT) to U-OLDC,., and from
U-SAT to U-OIdC,; for U-LDC, and U-IdC,, we can do even better
and prove that their complexity is the same as that of U-SAT, up
to polynomials. Consequently, all these problems are NP-hard, and
U-LDC,. and U-IdC, belong to the class DP.

Key Words: Graph Theory, Complexity, Complexity Classes, Polynomial
Hierarchy, NP-Completeness, Hardness, PN, Uniqueness of (Optimal) So-
lution, Locating-Dominating Codes, Identifying Codes, Twin-Free Graphs,
Boolean Satisfiability Problems
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9 Introduction

We intend to locate in the classes of complexity some problems dealing with
the existence of a unique identifying or locating-dominating code in a given
graph.

9.1 Identifying and Locating-Dominating Codes

For graph theory, we refer to, e.g., [7] or [16].

For identification in graphs, see the seminal paper [40]; for locating-
dominating codes, see the first papers [13] and [49]. For both, see also the
large bibliography at [41].

We shall denote by G = (V, E) a finite, simple, undirected graph with
vertex set V and edge set E, where an edge between x € V and y € V is
indifferently denoted by xy or yx. The order of the graph is its number of
vertices, |V].

A path P, = x129 ... x) 18 a sequence of k distinct vertices z;, 1 < i < k,
such that z;z;;1 is an edge for i € {1,2,...,k — 1}. The length of Py is its
number of edges, k — 1. A cycle C, = x1x2...x) is a sequence of k distinct
vertices z;, 1 <i < k, where x;x;+1 is an edge for i € {1,2,...,k — 1}, and
zpx1 is also an edge; its length is k.

In a connected graph G, we can define the distance between any two
vertices x and y, denoted by dg(x,y), as the length of any shortest path
between x and y. This definition can be extended to disconnected graphs,
using the convention that dg(x,y) = 400 if no path exists between z and y.
The subscript G can be dropped when there is no ambiguity.

For an integer k > 2, the k-th transitive closure, or k-th power of G =
(V,E) is the graph G* = (V,E¥) defined by E¥ = {uv : v € V,u €
V,dg(u,v) < k}.

For any vertex v € V', the open neighbourhood N (v) of v consists of the
set of vertices adjacent to v, i.e., N(v) = {u € V : wv € E}; the closed
neighbourhood of v is Bi(v) = N(v)U{v}. This notation can be generalized
to any integer r > 0 by setting

B,(v) ={z €V :d(z,v) <r}.
For X C V', we denote by B, (X) the set of vertices within distance r from X:
B, (X) = Uzex By (I)

Two vertices z and y such that B,(x) = B,.(y), x # y, are called r-twins.
If G has no r-twins, we say that G is r-twin-free. Whenever two vertices
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x and y are such that x € B,(y) (which is equivalent to y € B,(z)), we
say that = and y r-cover or r-dominate each other; note that every vertex
r-dominates itself. A set W is said to r-dominate a set Z if every vertex in Z
is r-dominated by at least one vertex of W, or equivalently: Z C B,(W).
When three vertices x,y, z are such that © € B,(z) and y ¢ B,(z), we say
that z r-separates x and y in G (note that z = x is possible). A set of
vertices is said to r-separate x and y if it contains at least one vertex which
does.

A code C' is simply a subset of V', and its elements are called codewords.

We say that C'is an r-identifying code [40] if all the sets B, (v)NC, v € V,
are nonempty and distinct: in other words, every vertex is r-covered by C,
and every pair of vertices is r-separated by C'. It is quite easy to observe that
a graph G admits an r-identifying code if and only if G is r-twin-free; this is
why r-twin-free graphs are also called r-identifiable. When G is r-twin-free,
we denote by i,(G) the smallest cardinality of an r-identifying code in G,
and call it the r-identification number of G; any r-identifying code C' such
that |C| = i,(G) is said to be optimal.

We say that C is an r-locating-dominating code (r-LD code for short)
[49], [13] if all the sets B, (v)NC, v € V' \ C, are nonempty and distinct: in
other words, every vertex is r-dominated by C (since a codeword dominates
itself), and every pair of non-codewords is r-separated by C. We denote by
LD, (G) the smallest cardinality of an r-locating-dominating code in G, and
call it the r-location-domination number of G; any r-LD code C' such that
|C| = LD, (QG) is said to be optimal.

For the needs of Theorems 68 and 83, we give the following obvious
characterization: a code C' is r-identifying (respectively, r-LD) if and only if
(a) for every vertex x € V, B.(z) N C # (), and (b) for every pair of distinct
vertices ¢ € V, 27 € V (respectively, ' € V' \ C, 27 € V' \ C), we have

(B (a")AB, (7)) N C # 1, (2)

where A stands for the symmetric difference.

Note that, when dealing with locating-dominating codes, we shall rather
use the word “dominate”, whereas for identifying codes, we shall prefer
“cover”.

It is known that the following two decision problems, stated for any
integer > 1, are NP-complete (see below Propositions 62 from [13], [11],
and 78 from [12], [11]):

Problem LDC, (r-Locating-Dominating Code with bounded size):
Instance: A graph G and an integer k.
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Question: Does G admit an r-locating-dominating code of size at most k7

Problem IdC, (r-Identifying Code with bounded size):
Instance: An r-twin-free graph G and an integer k.
Question: Does G admit an r-identifying code of size at most k7

In this paper, we are interested in the following four problems, which deal
with the uniqueness of a solution, and we are going to locate them in the
classes of complexity.

Problem U-LDC, (Unique r-Locating-Dominating Code with bounded size):
Instance: A graph G and an integer k.

Question: Does G admit a unique r-locating-dominating code of size at
most k7

Problem U-OLDC, (Unique Optimal r-Locating-Dominating Code):
Instance: A graph G.
Question: Does G admit a unique optimal r-locating-dominating code?

Problem U-IdC, (Unique r-Identifying Code with bounded size):
Instance: An r-twin-free graph G and an integer k.
Question: Does G admit a unique r-identifying code of size at most k7

Problem U-OIdC, (Unique Optimal r-Identifying Code):
Instance: An r-twin-free graph G.
Question: Does G admit a unique optimal r-identifying code?

Our results are the following: we give polynomial reductions from “Unique
Satisfiability of a Boolean formula” (U-SAT) to U-OLDC,, as well as from
U-SAT to U-OIdC,; we prove that U-LDC, and U-IdC, have the same com-
plexity as U-SAT, up to polynomials. As a consequence, all these problems
are NP-hard, and U-LDC,. and U-IdC, belong to the class DP. The problems
U-OLDC, and U-OIdC, belong “only” to the class LV*, which contains DP.

In a previous work [32], we have investigated the complexity of the existence
of, and of the search for, optimal r-identifying codes, as well as optimal -
identifying codes containing a given subset of vertices; see also [11], [12,
Sec. 5]. In a forthcoming work, we extend the present study on uniqueness
issues to Boolean satisfiability and graph colouring [34] (Sections 1-4 in
this Report), Vertex Cover and Dominating Set (as well as its generaliza-
tion to domination within distance r) [35] (Sections 5-8), and Hamiltonian
Cycle [37] (Sections 14-16). At the other end, there has been research on
how many optimal r-identifying codes can exist in a graph [28], and on the
structure of the ensemble of optimal r-locating-dominating codes [29] and
of optimal r-identifying codes [30].
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For other works in the area of complexity, see, e.g., [2], [3], [4], [18]
and [47], which establish, in particular, polynomiality or NP-completeness
results for the identification problem when restricted to some subclasses of
graphs, such as trees, planar graphs, bipartite graphs, interval graphs or
line graphs. See also [19], [23] and [50] for approximation issues for both
identifying and locating-dominating codes.

In the sequel, we shall also need the following tools, which constitute classical
definitions related to Boolean satisfiability.

We consider a set X of n Boolean variables x; and a set C of m clauses,
each clause c; containing ~; literals, a literal being a variable z; or its com-
plement Z;. A truth assignment for X sets the variable x; to TRUE, also
denoted by T, and its complement to FALSE (or F), or vice-versa. A truth
assignment is said to satisfy the clause c; if ¢; contains at least one true
literal, and to satisfy the set of clauses C if every clause contains at least
one true literal. The following decision problem, for which the size of the
instance is polynomially linked to n+m, is a classical problem in complexity.

Problem SAT (Satisfiability):

Instance: A set X of variables, a collection C of clauses over X, each clause
containing at least two different literals.

Question: Is there a truth assignment for X’ that satisfies C?

We shall also need the variant U-SAT of SAT, which has the same instance
as SAT but the question now is: “Is there a unique truth assignment...?”.

We shall give in Proposition 51 what we need to know about the complex-
ity of this problem. We now provide the necessary definitions and notation
for complexity.

9.2 Necessary Notions in Complexity

We expound here, not too formally, the notions of complexity that will be
needed in the sequel. We refer the reader to, e.g., [6], [21], [38] or [45] for
more on this topic.

A decision problem is of the type “Given an instance I and a property PR
on I, is PR true for I7”, and has only two solutions, “yes” or “no”. The
class P will denote the set of problems which can be solved by a polynomial
(time) algorithm, and the class NP the set of problems which can be solved
by a nondeterministic polynomial algorithm. A polynomial reduction from a
decision problem 7; to a decision problem 7 is a polynomial transformation
that maps any instance of 71 into an “equivalent” instance of mo, that is,
an instance of mo admitting the same answer as the instance of 71; in this
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case, we shall write m; —, m. Cook [14] proved that there is one problem
in NP, namely SAT, to which every other problem in NP can be polynomially
reduced. Thus, in a sense, SAT is the “hardest” problem inside NP. Other
problems share this property in NP and are called NP-complete problems;
their class is denoted by NP-C. The way to show that a decision problem
7w is NP-complete is, once it is proved to be in NP, to choose some NP-
complete problem 7 and to polynomially reduce it to w. From a practical
viewpoint, the NP-completeness of a problem 7 implies that we do not
know any polynomial algorithm solving 7, and that, under the assumption
P= NP, which is widely believed to be true, no such algorithm exists: the
time required can grow exponentially with the size of the instance (when
the instance is a graph, the size is polynomially linked to its order).

The complement of a decision problem, “Given I and PR, is PR true
for 1?77, is “Given I and PR, is PR false for I7”. The class co-NP (respec-
tively, co-NP-C) is the class of the problems which are the complement of a
problem in NP (respectively, in NP-C).

For problems which are not necessarily decision problems, a Turing re-
duction from a problem 71 to a problem 7y is an algorithm A that solves my
using a (hypothetical) subprogram S solving 72 such that, if S were a poly-
nomial algorithm for w9, then A would be a polynomial algorithm for 7.
Thus, in this sense, mo is “at least as hard” as m. A problem 7 is NP-
hard (respectively, co-NP-hard) if there is a Turing reduction from some
NP-complete (respectively, co-NP-complete) problem to 7 [21, p. 113].

Remark 50 Note that with these definitions, NP-hard and co-NP-hard co-
incide [21, p. 11/].

The notions of completeness and hardness can of course be extended to
classes other than NP or co-NP. NP-hardness is defined differently in [15]
and [27]: there, a problem 7 is NP-hard if there is a polynomial reduction
from some NP-complete problem to 7; this may lead to confusion (see Sec-
tion 13).

Finally we introduce the classes PNT (also known as A in the hierarchy
of classes) and LN (also denoted by PNFIOUgn)] or @), which contain
the decision problems which can be solved by applying, with a number of
calls which is polynomial (respectively, logarithmic) with respect to the size
of the instance, a subprogram able to solve an appropriate problem in NP
(usually, an NP-complete problem); and the class DP [46] (or DIFY [8] or
BH, [38], [52], ...) as the class of languages (or problems) L such that there
are two languages L; € NP and La € co-NP satisfying L = L; N Ly. This
class is not to be confused with NPNco-NP (see the warning in, e.g., [45,
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Figure 12: Some classes of complexity.

p. 412]); actually, DP contains NPUco-NP and is contained in L. See
Figure 12.

Membership to P, NP, co-NP, DP, LN* or PN? gives an upper bound
on the complexity of a problem (this problem is not more difficult than ...),
whereas a hardness result gives a lower bound (this problem is at least
as difficult as ...). Still, such results are conditional in some sense; if for
example P=NP, they would lose their interest. But it is not known whether
or where the classes of complexity collapse.

The problem SAT is one of the most well-known NP-complete prob-
lems [14], [21, p. 39, p. 46 and p. 259]. The following result is easy.

Proposition 51 The problem U-SAT is NP-hard (and co-NP-hard by Re-
mark 50), and belongs to the class DP. A

Remark 52 It is not known whether U-SAT is DP-complete: in [45, p. 415],
it is said that “U-SAT is not believed to be DP-complete”.

We are now ready to investigate the problems of the uniqueness of identifying
and LD codes.

10 Some Easy Preliminary Results

These results are as old as the definitions of identifying and LD codes.
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Lemma 53 (a) For any graph G = (V, E) of order n and any integer r > 1,
we have
LD, (G) > [logy(n — LD, (G) + 1)]. (3)

(b) For any integer r > 1 and any r-twin-free graph G = (V, E) of order n,
we have

ir(G) = [logy(n +1)]. (4)

Proof. (a) Let C be any r-LD code in G. All the n — |C| non-codewords
v € V'\ C must be given nonempty and distinct sets B,(v) N C constructed
with the |C| codewords, so 2/ —1 > n — |C|, from which (3) follows when
C' is optimal; (b) the argument is the same, but we have to consider all the
n vertices v € V, so 2/¢l —1 > n. A

Lemma 54 Let r > 2 be any integer and G = (V, E) be a graph.

(a) A code C is 1-locating-dominating in G", the r-th power of G, if and
only if it is r-locating-dominating in G.

(b) A code C is 1-identifying in G if and only if it is r-identifying in G.

Proof. (a) For every vertex v € V, we have:
{ceC:dg(v,c) <r}={ceC:dgr(v,c) <1},

so if for all v € V' \ C, the sets on the left-hand side of the equality are
nonempty and distinct, then the sets on the right-side also are, and wvice-
versa; (b) same proof, for all v € V. A

The following obvious lemma is often used implicitly; we give it without
proof.

Lemma 55 Let r > 1 be any integer and G = (V, E) be a graph.
(a) If C is r-locating-dominating in G, so is any set S O C.
(b) If C is r-identifying in G, so is any set S D C. A

11 Locating-Dominating Codes

After some necessary preliminary results, we are going to prove, for r > 2
and g > 1, the following polynomial reductions:
U-SAT —, U-LDC; and U-SAT —, U-OLDC; (Theorem 63),
U-SAT —, U-LDC, and U-SAT —, U-OLDC, (Theorem 64),
U-LDCy, —p U-LDC, and U-OLDC,, —, U-OLDC, (Proposition 67),
U-LDC; —, U-SAT (Theorem 68).
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The consequence of these reductions is that, for » > 1, U-LDC, and U-
OLDC, are NP-hard, and that U-SAT and U-LDC, have equivalent com-
plexities; as a result, U-LDC, belongs to DP. We shall also show that U-
OLDC, belongs to the class LN* (Proposition 71).

We do not have that U-OLDC, belongs to DP for lack of a polynomial
reduction from U-OLDC; to U-SAT; we conjecture that such a reduction
does not exist and that U-OLDC, ¢ DP (see also Conclusion).

Also note that the polynomial reduction U-SAT —,, U-LDC; is a conse-
quence of the chain of reductions U-SAT —, U-LDC, —, U-LDCy; we still
give Theorem 63 and its proof, because it constitutes a preliminary step for
the proof of Theorem 64.

11.1 Preliminary Results

Lemma 56 Let h > 1 and r > 1 be integers; let G be a graph of order
2" — 1+ h with LD,(G) = h. Then:

(a) no vertex r-dominating 2", or fewer, vertices can belong to an
optimal r-locating-dominating code in G;

(b) no vertex r-dominating 2"~ + h 41, or more, vertices can belong to
an optimal r-locating-dominating code in G.

Proof. Let C be any optimal r-LD code in G: |C| = LD,(G) = h. Because
there are 2" — 1 non-codewords, all the nonempty subsets of C' coincide with
all the nonempty, distinct sets B, (v)NC, v € V' \ C. Then every codeword ¢
appears exactly 2"~ times in these subsets, which means that ¢ r-dominates
exactly 2"~! non-codewords; since it 7-dominates between one (itself) and h
codewords, all in all it 7-dominates between 2"~ +1 and 2"~ + h vertices,
and (a) and (b) follow. A

The following lemma is easy, and we prove only its last assertion.

Lemma 57 (a) The path Ps = x1x9w31425 admits only one optimal 1-
locating-dominating code, C' = {x2,x4}.

(b) If we construct the graph Ga = (Va,E4) by adding to Ps a vertex
denoted by A together with the edge x2A, then A is 1-dominated by xo, but
x1 and A are not 1-separated by C.

(c) If G4 is plunged in a larger graph G with only A linked to the
outside, then every optimal 1-locating-dominating code C* in G contains
xo and x4. At most one additional codeword, x1 or A, may be necessary
inVyNnCTt.
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Figure 13: The graph G; defined in Lemma 58. The black vertices form one
of the two optimal 1-LD codes in G;.

Proof. (c) Let C" be any optimal 1-LD code in G*. (i) If A is a codeword,
obviously Ct contains z3 and 24, and no other codeword in Ps. (i) The
same is true if A is not a codeword, but is 1-dominated by at least one outside
codeword. (iii) Otherwise, C* contains xs, to 1-dominate A, it contains z,
otherwise x1 and A are not 1-separated by C", and it contains x4, which is
the only vertex which 1-dominates x5 and 1-separates A and x3 at the same
time. A

The statements of the following lemma have been given, although in a dif-
ferent way, in [11, proof of Lemma 3.1]; for completeness, we give here the
(easy) proof.

Lemma 58 Let G; = (V;, E;) be the following graph: V; = {x;, T;, a;, b, d;, fi,
gi} and E; = {aibi, bixi, biT;, xid;, Tids, di fi, 2595, @gi}, and C; be a 1-locating-
dominating code in G;, see Figure 13. Then:

(a) at least one of x; and T; belong to C;;

(b) at least two more codewords necessarily belong to C;, so that we have
LD:(G;) > 3;

(¢c) we have LDy(G;) = 3, and {x;,b;,d;} and {Z;,b;,d;} are the only
optimal 1-locating-dominating codes in G;;

(d) if G; is plunged in a larger graph G, with only x; and T; linked to
the outside, then every 1-locating-dominating code in G contains at least
three codewords inside V;.

Proof. (a) Because z; and T; have the same neighbours in G;. (b) Because
a; and f; must be 1-dominated by C;, we have |C; N {a;,b;}| > 1 and |C; N
{d;, fi}| > 1. Alternatively, use (3) in Lemma 53. (c) Assume that it is z;
that belongs to C;. Then taking a; and f; would not 1-dominate z;, and
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Figure 14: The graph G* has a unique optimal 7-LD code, V,*.

taking a; and d;, or b; and f;, would not 1-separate x; and f;, or T; and a;,
respectively; on the other hand, {z;, b;,d;} is 1-LD. (d) Only z; and T; can
be 1-dominated by the outside, and a;, f; and g; have to be 1-dominated by
the code, so anyway at least three codewords are necessary inside V;. A

The previous two lemmas will be used in the proof of Theorem 63. In partic-
ular, Lemma 57(a) gives the example of a graph, P5, with a unique optimal
1-LD code. We want to have the same for any r > 1 (see Proposition 59(a)),
in view of Theorem 64. We shall proceed as follows (see Figure 14):

We set h = 2r + 1, even if everything that follows also holds for any
h > 2r+1. Let G = (V,*, E)) be the cycle Cj, of length h, with V* =
{pi : 1 <i < h}. Then we construct G = (V*, E), with V) = {g;j : 1 <
1< h1<j3j<r— 1} and E; = Ulgigh{%,j%,j—i—l 1 <3< r— 2} The
set of edges between G and Gy is E), = {pigi1 : 1 < i < h}. Next, we
construct GX = (VX, EX) with VX = {s; : 1 <i < 2" —1— (r —1)h} and
EX ={sisi, : 1 <iy <ig <|V)|}, Le., GI is a clique.

We set V> =V XUV UV

In order to define the set Ej of edges between {gir—1 :1<i<h}
and VX, we introduce, for every vertex v € V* UV, the signature of v as
the set B;(v) NV, of the elements of the cycle that r-dominate v, and we
wish to have nonempty and distinct signatures. Since

(a) the h vertices in V, can provide 2" — 1 such signatures,

(b) [VX UVE| = [V¥] + V| = 28 — 1,

(c) the vertices in V,* have nonempty and different signatures (in particular,
thanks to the fact that h > 27, all the vertices ¢; 1 have signatures of size 2r—

1),
(d) a vertex in V;* which is linked (respectively, not linked) to g;,—1 is at
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distance equal to (respectively, greater than) r from p;,

we can see that it is possible to construct Ej; in such a way that the vertices
in V.* have nonempty signatures which are different inside V,*, and different
from those for V. In particular, in VJ* there is a vertex which has signature
equal to V;DX; we denote this vertex by a. Note also that we could not have
more vertices with this signature property.

We set B = EXUES, UESUES UES and G* = (V*,EX). The
order of GX is n* = 2" — 1 + h.

We claim that, for a fixed r > 2 and h = 2r + 1, C =V, is the unique
optimal 7LD code in G*; we shall prove it by going through the following
three easy facts.

Fact 1 For any v > 2 and h = 2r + 1, the code C = V is an optimal
r-locating-dominating code in G*.

Proof. When C' =V, the signatures are the sets B,.(v)NC, for v € V\C.
By construction, they are all nonempty and distinct, hence C is r-LD. The
optimality comes from (3) in Lemma 53. A

Fact 2 For any r > 2 and h = 2r + 1, the graph G* meets the conditions
of Lemma 56.

Proof. Because LD, (G*) = |V,| = h and G* has order 2" — 1+ h. A

Fact 3 For anyr > 2 and h = 2r + 1, no vertex in VqX UV can belong to
any optimal r-locating-dominating code C in G*.

Proof. Because V,* is a clique, every vertex ¢; j, 1 <i < h, 1 <j<r—1,is
within distance 7 from every vertex in V.*; so every ¢; ; r-dominates at least
|VX| =2" —1— (r — 1)h vertices. This number is greater than 2"~ 4+ h + 1
for r > 2 and h = 2r 4+ 1. The same is true for the vertices in V,*. We can
conclude using Lemma 56(b). A

We are now ready to prove the following proposition.

Proposition 59 Let r > 2 and h =2r 4+ 1. Then:

(a) the only optimal r-locating-dominating code in G* is C = |2

(b) if G* is plunged in a larger graph Gt = (VT E1), with only «
linked to the outside, then every optimal r-locating-dominating code in G™
contains V.
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Proof. (a) Now that Fact 3 has ruled out the vertices in V,* UV, the only
possibility left is to take all the h codewords in V.

(b) Let C be an optimal 7-LD code in G, and let |C'N(V,*\ {a})| = X
and [CNV)| =Y. If Y = [V], we are done, so we assume that ¥’ < h —1.
How does C' r-separate the 2" —(r—1)h—2— X vertices in V.¥\ {a} that need
to be r-separated? Depending on its distance to «, a vertex outside V> r-
dominates either « alone, or all the vertices in V,* plus all the vertices g; ;,
1 < i < h, for some 7 > 1. This means that no outside codeword can
r-separate the vertices in V.* \ {a}: this must be an inside-V* job. But
the vertices in V,* U V* cannot do it either, because every such vertex r-
dominates all the vertices in V< \ {a}; so the Y codewords in V,* must do
it, and, according to whether the vertices in V,* \ {a} are r-dominated by
other codewords or not, we must have 2¥ —& > 2" — (r — 1)h — 2 — X, with
e=0or 1; since Y < h — 1, this implies

< (r—1Dh+2+X —¢. (5)

For r > 2 and h = 2r+1, the study of (5) shows that necessarily X > h+2.
What is the role of these (at least) h + 2 codewords belonging to VJ* \ {a}?

(a) They contribute to r-dominate and r-separate some vertices in V1 \
V*. From this perspective, all the vertices in V,* \ {a} have an equivalent
role towards VT \ V*. So one codeword in V* \ {a} is sufficient for this
task.

(b) They contribute to r-dominate and r-separate some vertices in V>,
and they themselves need not be r-separated from other vertices by the code;
but we have already seen (Fact 1) that if we take the h vertices in V* as
codewords, then we can take care of all the vertices in V*.

(c) They contribute to r-separate some vertices in V* \ V* from some
vertices in V. But the h vertices in V* r-dominate all the vertices in-
side V* and no vertex outside V*.

Therefore, if we take h codewords in V) and one codeword in V* \ {a},
we can do, with respect to the whole graph G, at least as well as with
X +Y > X > h+ 2 codewords, contradicting the optimality of C. A

The following lemma and its obvious corollary will be used for Proposi-
tion 70. They characterize the vertices belonging to at least one optimal
r-LD code, through the comparison of two 1-location-domination numbers.

Lemma 60 Let G = (V,E) be a graph. For a given vertex a € V, we
consider the following graph: Go = (Vu, Ey), with

Vo=V U{Bi:1<1i<6},
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E,=FU {Oéﬁl 11 € {174}} U {/Bi/BiJrl 11 € {1, 2,4, 5}},

where fori € {1,...,6}, B; ¢ V. Then « belongs to at least one optimal
1-locating-dominating code in G if and only if LD1(G) = LD1(G,) — 2.

Proof. Let B, ={f;:1<i<6},and B ={#;:1€{2,3,5,6}}.

First, we prove that a belongs to every optimal 1-LD code C, in Gg:
assume on the contrary that a ¢ C,; then obviously |Cy N By| > 2+ 2, and
(Ca \ (Ca N By)) U{a, B2,B5} is a 1-LD code in G4, with fewer elements
than C,, a contradiction. So a € (C, NV).

(a) Assume that « belongs to at least one optimal 1-LD code C in G.
Then C, = C U{f2, 85} is obviously 1-LD in G4, and LD1(Gy) < |Cy| =
LDy (G) +2.

Consider now an optimal 1-LD code C, in G,. Obviously, we have
|CoNBk| > 141, and so, if we set C' = C,NV, we have: |C| < LD;(G,)—2.
We have already established that a € Cy, and thus a € C; now, we can see
that it is sufficient, for any optimal 1-LD code in G, to have two codewords
in B,, namely f2 and f5, and therefore |C| > LD:(G,) — 2. Now, no
codeword in C, \ C' 1-dominates any vertex in V', and necessarily C is a
1-LD code in G, which proves that LD (G) < |C| = LD1(G,) — 2.

So we can conclude that if o belongs to at least one optimal 1-LD code
in G, then LD(G) = LD1(G,,) — 2.

(b) Assume now that LD;(G) = LD;(G,) — 2. Consider an optimal
1-LD code C, in G, and let C' = C, N V. Then a € C, and, exactly as
before in (a), a € C, C,, = C U {f2, 85}, C is a 1-LD code in G and its size
is LD1(Ga) — 2 = LD;(G), i.e., it is optimal (and contains «). A

Corollary 61 Letr > 1 be any integer, G be a graph containing a vertex o,
and G" be the r-th power of G. We construct the graph (G")q in the same
way as in the previous lemma for G. Then a belongs to at least one optimal
r-locating-dominating code in G if and only if LD1(G") = LD1((G")a) — 2.

Proof. Use Lemmas 54(a) and 60. A

In the following proposition, we shall only use the fact that LDC; belongs
to NP, for Propositions 70 and 71.

Proposition 62 [13, forr =1/, [11] Let r > 1 be any integer. The decision
problem LDC,. is NP-complete. A

The proofs of Proposition 62 do not treat however the problem of the unique-
ness of a solution.
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Figure 15: For r = 1, the graph G, constructed from a set of clauses.

11.2 Uniqueness of Locating-Dominating Code
11.2.1 From U-SAT to U-LDC; and U-OLDC;

Theorem 63 There exists a polynomial reduction from U-SAT to U-LDC,
and to U-OLDCy: U-SAT —, U-LDCy and U-SAT —, U-OLDC}.

Proof. We give a polynomial reduction starting from an instance of U-SAT,
that is, a collection C of m clauses over a set X of n variables.

For each variable z; € X, 1 < i < n, we take the graph G; = (V;, E;)
defined in Lemma 58, identifying the literals z;, T; to the vertices x;,x;. For
each clause cj, containing ¢; literals, e; > 2, we create two vertices, A;
and Bj, and we link them to the €; vertices corresponding, in the graphs G;,
to the literals of Cj. We also take a COpy of P5, P5(AJ) = Aj71Aj72Aj73Aj’4Aj,5,
and link A; to Aj2. We do the same for B; and a second copy of Fs,
P5(Bj) = Bj71Bj’QBj73Bj74B"5.

We call this graph G, see Figure 15. The order of G is 7n + 12m.
Because the extremities of the copies of P5; must be 1-dominated by a code-
word, and thanks to Lemma 58(d), we have: LD1(G') > 4m + 3n. We set

= 4m + 3n.

We claim that there is a unique solution to SAT if and only if there is a
unique optimal 1-LD code in G, and if and only if there is a unique 1-LD
code of size at most k in GT.

(1) Assume first that there is a unique truth assignment satisfying all
the clauses. We construct the following code C: for i € {1,...,n}, among
the vertices xz; € V;, T; € V;, we put in C the vertex z; if the literal z;
has been set TRUE, the vertex T; if the literal x; is FALSE, and we add b;
and d;, as well as the second and fourth vertices in each of the copies of Ps.
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Then C is a 1-LD code in GT: thanks to our preliminary observations
(Lemmas 57 and 58), the only thing that remains to be checked is that for
all j € {1,...,m}, the code C' 1-separates A; and A;, B; and Bj 1, and
this is so because there is at least one true literal in the clause c;, which
means that A; and B; are 1-dominated by at least one codeword of type x;
or ;.

Moreover, |C| = 3n + 4m = k, which proves that it is optimal, and no
vertex A; nor Bj is a codeword. This implies that, once we have decided
between xz; and T;, we have no choice left inside G; if we want a code of size k
(optimal): we must take b; and d;, because neither z; nor z; is 1-dominated
by any outside codeword; the same is true for the copies of Ps, which must
each contain their second and fourth vertices as only codewords.

Why is C unique? Suppose on the contrary that C* is another 1-LD code
of size k = 3n +4m in G*. Then |[C*NV;| =3 for all i € {1,...,n}, and
at most one of x; and ¥; is in C*. Also, no vertex A; or B; is a codeword,
and each copy of P contains exactly two codewords, which are necessarily
the second and the fourth ones. As another consequence, at least one of
z; and Z; is a codeword, because no codeword l-separates them, and so
exactly one of them belongs to C*. This defines a valid truth assignment
for X, by setting x; =T if x; € C*, x; =F if T; € C*. Since C # C*, this
assignment is different from the assignment used to build C'. But the fact
that, for all j, C* 1-separates A; and A; 1, B; and Bj 1, shows that there is a
codeword z; or T; 1-dominating A; and B;, which means that the clause ¢;
is satisfied. Therefore, we have a second assignment satisfying the instance
of SAT, a contradiction. We can conclude that both problems, U-LDC; and
U-OLDCq, also receive the answer YES.

(2) Assume next that the answer to U-SAT is NO: this may be either
because no truth assignment satisfies the instance, or because at least two
assignments do; in the latter case, this would lead, using the same argument
as previously, to at least two (optimal) 1-LD codes (of size k), and a NO
answer to both U-LDC; and U-OLDC;. So we are left with the case when the
set of clauses C cannot be satisfied. This implies that no 1-LD code of size k
exists, for the same reason as in the previous paragraph with C*; this suffices
to prove that we have also a NO answer to U-LDy, but we have to go further
for U-OLD;. Assume then that C is an optimal 1-LD code of unknown size
|IC] >4m +3n. For 1 < j <m,let A; =CnN{A4;,4;,:1<1i<5}and
Bj :Cﬂ{Bj,Bj’i 1< < 5}.

Suppose first that there is a jg such that A, and B}, are not 1-dominated
by any codeword z; nor any codeword Z;. Then |Aj,| > 2, and actually this
set has size exactly three; the same is true for Bj,. Now we have several
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optimal codes, because C'N (A, U Bj,) can be equal to

{Ajo, Ajo,25 Ajo.a Bjo, Bjo 25 Bjoa}, or

{Ajo.1, Ajo.25 Ajo.4, Bjos Bjo,2, Bjg 4}, or

{Ajo’ Ajo2, Ajo 4, Bjo,1, B 2, Bjo,4}v
—but in general, not {Aj(),1>Aj(),27Aj(),47Bj0,17Bj0727Bj0,4}7 for this might
affect the vertices x;, Z; to which A;; and B}, are linked.

So from now on, we assume that all vertices A;, B; are 1-dominated by
at least one codeword x; or T;. Because the set of clauses cannot be satisfied,
it is impossible that for all 4, exactly one of z; and Z; is a codeword, for this
would lead to a valid truth assignment which would satisfy all the clauses.
So there is a subscript iy such that either both z;, and 7;, are codewords,
or none is a codeword. If both are codewords, then C' N V;, contains x;,,
T;, and can contain any combination with exactly one codeword among
ai,, bi, and exactly one among d;, and f;,, yielding at least four optimal
solutions. If none of z;,, ;, is a codeword, then they are 1-separated by some
codeword(s) A;, Bj; moreover, g;,, which must belong to C, 1-dominates
both z;,, Zi,. Then again, we can have any of the four combinations with
one codeword among a;,, b;, and one among d;, and f;,.

So in all cases, we do not have a unique optimal 1-LD code. A

11.2.2 Extension to r > 2

It seems difficult to go directly from r = 1 to the general case r > 2, and
we start again from U-SAT, which does not change the final result; see [11,
Rem. 5] about this possible difficulty.

Theorem 64 Let r > 2 be any integer. There exists a polynomial reduction
from U-SAT to U-LDC, and to U-OLDC,.: U-SAT —, U-LDC, and U-SAT
—p U-OLDC,.

Proof. We give a polynomial reduction starting from an instance of U-SAT,
i.e., a collection C of m clauses over a set X of n variables.

We take the graph G constructed in the proof of Theorem 63 (cf. Fig-
ure 15), and rename it Gy = (V7, Ey), for Intermediate graph. Then, for
each edge e = uv € Ej, we “paste” r —1 copies of the graph G* constructed
for Proposition 59 (cf. Figure 14), by deleting the edge e = uv and creating
the edges uaq, ajao, ..., a,_1v, where the «;’s are copies of the vertex «
in G*, see Figure 16: we shall say that the edge e is dilated. We denote
by GT the graph thus constructed. Since 7, hence h = 2r + 1, is fixed, the
fact that G* has order 2" 4+ h — 1 does not affect the polynomiality of our
construction with respect to n +m. We set k = 3n + 4m + (r — 1)h|Ej|.
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Figure 16: How the edge e = wv € FE7y is dilated in the proof of Theorem 64.

The use of copies of G* can be seen as a way of putting at distance r,
in the graph G, the vertices which are at distance one in Gy, so that the
vertices in V; will behave with respect to each other in a way very similar
to the case r = 1. It is still true that, in addition to at least h codewords
taken in each copy of G*, at least three codewords are necessary in order to
deal with the vertices in each V;, and that at least two are necessary to cope
with every copy of {z1,..., x5}, the set of vertices in P5. Consequently, any
optimal 7-LD code in G has size at least k = 3n + 4m + (r — 1)h|E}|, the
three terms corresponding respectively to (a) the sets V;, 1 <i < n, (b) the
2m copies of P5 (which are now dilated copies), and (c) the (r — 1) copies
of the graph G* on each edge of the intermediate graph G7.

One role of the codewords is to deal with the vertices in V7, that is, if
these are not codewords themselves, to r-dominate them, and to r-separate
between them —the domination and separation inside the copies of G*
and the separation between vertices in V; and vertices in the copies of G*
are already performed by the copies of the cycle Cp, which are necessarily
included in any optimal r-LD code in G, as already observed.

We can also make the following useful remark.

Remark 65 Let C be any optimal r-locating-dominating code in G*, e =
uv be any edge in Ej,and G* be one of the copies pasted on e. If z is a
codeword belonging to G* and not to its cycle Cy, then (C'\ {z}) U {u} or
(C\ {z}) U{v} is also an optimal r-locating-dominating code in GV.
Indeed, if (a) z r-dominates neither u nor v, then it can be spared and C
is not optimal; if (b) z r-dominates u, not v, i.e., it r-separates u and v (and
z cannot r-dominate any other vertex in Vi), then, when u or v becomes a
codeword, u and v need not be r-separated anymore; if (¢) z r-dominates
both u and v, these two vertices will remain r-dominated by a common code-
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word, w or v. In all cases, the fact that other vertices in Vi can now be
r-dominated by the substitute codeword (u or v) does not change anything
(cf. Lemma 55(a)).

We claim that there is a unique solution to SAT if and only if there is a
unique optimal r-LD code in G, and if and only if there is a unique r-LD
code of size at most k in GT.

(1) Assume first that there is a unique truth assignment satisfying all
the clauses. We construct the following code C: for i € {1,...,n}, among
the vertices z; € V;, T; € V;, we put in C the vertex x; if the literal xz;
has been set TRUE, the vertex T; if the literal x; is FALSE, and we add
b; and d;, as well as the second and fourth vertices in each of the (dilated)
copies of P;s. We add the cycle Cp, in each copy of G*. Then C is an r-LD
code in GT: thanks to our preliminary observations, the only thing that
remains to be checked is that for all j € {1,...,m}, the code C r-separates
Aj and Aj1, Bj and B; 1, and this is so because there is at least one true
literal in the clause c¢;j, which means that A; and B; are r-dominated by at
least one codeword of type x; or T;: everything develops exactly as in the
case r = 1.

Moreover, |C| = k, which proves that it is optimal, and no vertex A;
nor B; is a codeword. This implies that, once we have decided between z;
and T;, we have no choice left inside G;: we must take b; and d;, because
neither x; nor z; is r-dominated by any outside codeword. We have no choice
in the copies of Ps either: no pair of vertices in copies of G* can r-dominate
the first and last vertices, and r-separate the first, third and last, at the
same time: only the second and fourth vertices can perform this.

Why is C unique? Suppose on the contrary that C* is another (optimal)
r-LD code (of size k) in G*. Then each copy of G* intersects C* on exactly
h vertices which are the vertices of the cycle Cp; also, |C* NV;| = 3 for all
i€{1,...,n}, and at most one of x; and T; is in C*. Moreover, no vertex
Aj nor Bj is a codeword. As a consequence, at least one of x; and @; is
a codeword, because no codeword r-separates them, and so exactly one of
them belongs to C*. This defines a valid truth assignment for X', by setting
i =T if z; € C*, x; =F if 7; € C*. Since C # C*, this assignment is
different from the assignment used to build C. But the fact that, for all j,
C* r-separates A; and A, 1, Bj and Bj 1, shows that there is a codeword
x; or T; r-dominating A; and Bj, which means that the clause is satisfied.
Therefore, we have a second assignment satisfying the instance of SAT, a
contradiction.

(2) Assume next that the answer to U-SAT is NO: this may be either
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because no truth assignment satisfies the instance, or because at least two
assignments do; in the latter case, this would lead, using the same argument
as previously, to at least two optimal 7-LD codes (of size k), and a NO
answer to U-LDC, and U-OLDC,. So we are left with the case when the
set of clauses C cannot be satisfied. This implies that no r-LD code of size k
exists; this ends the case of U-LDC,. but we have to go on with U-OLDC,.:
assume that C' is an optimal r-LD code of unknown size |C| > k, with at
least three codewords to deal with each V;, at least two codewords to deal
with each copy of Ps, at least h codewords in each copy of G*, and possibly
vertices of type A;, Bj. By Remark 65, if there is a codeword belonging to a
copy of G* and not to its cycle Cp, then we have at least two optimal r-LD
codes, and we are done. So from now on we assume that no copy of G*
contains codewords outside the cycle C,. Then C' contains at least three
codewords in each V;, at least two codewords in each copy of P, exactly h
codewords in each copy of G*, and possibly vertices of type A; and B;. Now
the argument of the case r = 1 (Theorem 64) can be repeated almost word
for word: first, we can exclude that there is a vertex Aj, not r-dominated
by any codeword x; or ¥;; then we deal with the cases when both z; and =;
are codewords, and when none of them is. In all cases, we have more than
one optimal 7-LD code in GT. A

Corollary 66 Let r > 1 be any integer. The decision problems U-LDC,
and U-OLDC, are NP-hard.

Proof. Because U-SAT is NP-hard (Proposition 51). A

Proposition 67 Letr > 2 and g > 1 be any integers. There is a polynomial
reduction from U-LDCqy, to U-LDCy and from U-OLDCy, to U-OLDC,: U-
LDCy —p, U-LDC; and U-OLDCy, —, U-OLDC.

As a particular case, we have U-LDC, —, U-LDCy and U-OLDC, —,
U-OLDCy.
Proof. Let (G,k) be an instance of U-LDCy, and G be an instance of U-
OLDCy,, for r > 2 and ¢ > 1. The instance for U-LDCj is simply (G", k),
and G" for U-OLDC,, where G" is the r-th power of G: obviously, by
Lemma 54(a), there is a unique ¢-LD code of size k in G" if and only if there
is a unique gr-LD code of size k in G, and there is a unique optimal ¢-LD
code in G" if and only if there is a unique optimal ¢r-LD code in G. A

11.2.3 An Upper Bound for the Complexity of U-LDC,

Theorem 68 There exists a polynomial reduction from U-LDCy to U-SAT:
U-LDCy —, U-SAT.
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Proof. In Remark 32 of this Report, we developed a general argument
for this kind of reduction, with three types of clauses, one type for the
description of the specific problem, here the fact that we want the code to
be 1-LD, one type for the fact that we want a code of size at most k, and
one type to break the multiple solutions. The same method will be applied
for Theorem 83, with 1-identifying codes.

We start from an instance of U-LDC;: a graph G = (V,E) and an
integer k, with V = {z!,...,z/V1}; we assume that [V/| > 3. We create the
set of k|V| variables X = {z!, : 1 <i < |V|,1 < m < k} and the following
clauses:

(al) for each vertex x* € V with neighbours ™, ..., 2" (where s = s(x")
is the degree of %), we take the clause of size k(s + 1):

R 7 7 7 ni ni ni no na Ng Ns.
Cpi = {@], @y, gt ayt e aatat h
(a2) for each pair of vertices z° € V, 27 € V, we consider the set By (z%)A
Bi(27) = {aM zh2 .. 2"} (where ¢ depends on x' and 27) and we con-
struct the clause cig;:

7 7 7 7 7 h h h1 ho ho hy hev.

S EA T T A v B A A O S 1 N AT (i &

we shall say that {z},2%,...,2},2],..., 2]} is the first part of ci,; and
h h . .

{m’l“,xgl, ...,le,x}l”,...,x}g?,...,mle,...,xk‘} its second part, which ex-

ists only when ¢ > 0 and may contain variables also appearing in the first
part, which is unimportant;

(bl) for 1 <m < kand 1 < h < £ < |V|, we construct clauses of size
two: {zl, Tt };

(b2) for 1 <m < s < kand 1 < h < |V|, we construct clauses of size
two: {zh, T

(c)forl<m<kandl1 <l <|V] forl1<h</landm<s <k, we
construct clauses of size two: {z% ,z"}.

All these clauses constitute the instance of U-SAT. Note that the number
of variables and clauses is polynomial with respect to the order of G, since
we may assume that & < [V].

Assume that we have a unique 1-LD code of size k in G, C' = {aP, 2P2,
oo, xPR} with pp < po < ... < pg. We can see that C is optimal (otherwise,
any optimal 1-LD code contradicts our uniqueness assumption). Define the
assignment A; by Aj(2h?) =T for 1 < ¢ < k, and all the other variables are
set FALSE by A;. We claim that this assignment satisfies all the clauses;
indeed:

75



(al) at least one among 2’ and its neighbours is a codeword, so the clause
cyi 1s satisfied by Aj.

(a2) (i) If at least one of 2* or 27 belongs to C, say z' = 2P« € C, then
the variable :qu = xfl has been set True by A; and the first part of the clause
Cyizi, hence the whole clause, is satisfied. (ii) If neither z* nor x7 belongs
to C, then, using the characterization given by (2), we can see that at least
one zm belongs to C, which guarantees that the second part of c,i,; is
satisfied.

(b1) If a clause {z7,, 7% } is not satisfied for some m, h, ¢, this means
that Ay (2h) = Aj(2f,) =T, i.e., two different vertices are the m-th element
in C.

(b2) If {z",Z"} is not satisfied, then 2" appears at least twice in C.

(c) If {Z¢,, 71} is not satisfied for some m, £, with h < £ and m < s, then
Ap(zh,) = Ay (2") =T. This means that 2 = 2P and 2 = 2Ps; so £ = p,,
h = ps. Now h < £ implies that ps < p,,, but m < s implies that p,, < ps,
a contradiction.

Is A; unique? Assume on the contrary that another assignment, As, also
satisfies the constructed instance of U-SAT. We construct a new code C*
by putting in CT the vertex z" as soon as some variable z” is set TRUE
by AQ.

Now the satisfaction, by Asg, of the clause c,: in (al) proves that every
vertex in V' is 1-dominated by C; the satisfaction of c¢,i,; from (a2) means
that at least one vertex among ', z7, 2", ... 2" belongs to Ct. So for
every pair of vertices z*, 27, either one of them is in the code, or an element in
Bi(z")AB;(27) is in the code. So every pair of non-codewords is 1-separated
by CT.

Therefore, we have just proved that C* is a 1-LD-code.

Using (bl) for Asg, we can see that for each m € {1,...,k} there is at
most one variable with subscript m that is set TRUE by As; this means that
we have constructed a 1-LD code with (at most) k elements. Since such a
code is unique by assumption, we can see that A; and As “selected” the
same k codewords: for each p, € {p1,...,pr}, we already know that there
is exactly one variable, 73?, set TRUE by Aj;, and, using (b2) after (bl)
for As, exactly one variable, say qu, set TRUE by Ay. It is now time to
use (c) in order to prove that ¢ =t for every pg, so that A; and Aj actually
coincide: indeed, assume on the contrary that for some ¢ € {1,...,k}, we
have q # t; we treat the case 1 < g <t <k, the case 1 <t < g < k being
analogous. If we consider the subscripts smaller than ¢, there must be one,
say v, such that there is a superscript p, > p, verifying As(z5") =T. Now
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the clause {zb*, 7} from (c) is not satisfied by As, a contradiction.

So a YES answer to U-LDC; leads to a YES answer to U-SAT. Assume
now that the answer to U-LDC; is negative. If it is negative because there
are at least two 1-LD codes of size k, then we have at least two assignments
satisfying the instance of U-SAT: we have seen above how to construct a
suitable assignment from a 1-LLD code, and different 1-LD codes obviously
lead to different assignments. On the other hand, if there is no 1-LD code of
size k, then there can be no assignment satisfying U-SAT, because such an
assignment would give a 1-LD code of size k, as we have seen above when
dealing with As. So in both cases, a NO answer to U-LDC; implies a NO
answer to U-SAT. A

By Proposition 67 or its corollary, this immediately implies that there is a
polynomial reduction from U-LDC, to U-SAT.

Theorem 69 Let r > 1 be any integer. The problem U-LDC, has complex-
ity equivalent to that of U-SAT.
As a consequence, U-LDC,. belongs to the class DP. A

Note that it could have been shown directly that U-LDC,. belongs to DP.

11.2.4 Two Upper Bounds for the Complexity of U-OLDC,

In [35] (see Sections 6.2.3 and 7.2.4 in this Report), we give, for two problems
structurally similar to U-OLDC,., two upper bounds, the first one being
weaker but constructive. We do not give the proofs of the following two
results but refer to [35] instead. These proofs use Lemma 60, Corollary 61
and Proposition 62.

Proposition 70 For r > 1, the decision problem U-OLDC, belongs to the
class PNP. In case of a YES answer, one can give the only optimal r-
locating-dominating code within the same complexity. A

Proposition 71 Forr > 1, the decision problem U-OLDC, belongs to L.
A

12 Identifying Codes

The structure of this Section and its results are the same as Section 11 for
LD-codes, although the preliminary graphs and arguments are quite different
technically.
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Figure 17: (a) The graph G* of Lemma 72. Black vertices belong to any
1-identifying code in G*. (b) The graph G; of Lemma 73, with an optimal
1-identifying code (black vertices).

12.1 Preliminary Results

Lemma 72 will be used in the proof of Theorem 79, and Lemma 73 in the
proofs of Theorems 79 and 80.

Lemma 72 Let G* = (V*,E*) be the following graph:
V> =A{a, B1, B2, B3, Ba, Bs, Be, w, 0,0, T, A, 1},

E* ={ap, B152, 10, Biw, 20, Bow, 153, B354, B30, B3T, Bac, BaT} U
U {aﬁf)a 55B67 /85)\3 B5:u’a BG)\a Bﬁlu’}a

see Figure 17(a). Then i1(G*) = 8, any I1-identifying code in G* contains
the set of vertices C = {a, B1,w,0,0,7,\,u}, and C is the only optimal
1-identifying code in G*.

If G* is plunged in a larger graph G, with only o linked to the outside,
then every I1-identifying code in GT contains C; the outside neighbours of o
are 1-covered, not 1-separated, by o, and they are 1-separated from V> by C.

Proof. Straightforward: « is the only vertex 1-separating 85 and Bg; the
same is true about 1, for B3, B4; about w, for B, d; about §, for Bs, w;
about o, for 84, 7; about 7, for B4, o; about A, for B¢, u; and about pu,
for Bg, A. So these eight vertices belong to any l-identifying code, and
since they obvioulsy constitute a 1-identifying code, this is the only optimal
1-identifying code.

When we consider G, all the above arguments still work. A

The statements of the following lemma have been given, although in a differ-
ent way, in [12, proof of Th. 5.1]; for completeness, we give here the (easy)
proof.

78



Lemma 73 Let G; = (Vi, E;) be the following graph: V; = {z;,T;, a;, b, d;, fi}
and E; = {aib;, bjx;, b7, vd;, Tid;, d; f;}, and C; be a 1-identifying code
in G, see Figure 17(b). Then

(a) At least one of x; and T; belong to C;.

(b) At least two more codewords are necessary in C;, so that i1(G;) > 3.

(¢) We have i1(G;) = 3, and {x;,b;,d;} and {Z;,b;,d;} are the only
optimal 1-identifying codes in Gj.

(d) If G; is plunged in a larger graph G, with only x; and T; linked
to the outside, then every 1-identifying code in G contains at least three
codewords in V;, and one of them is x; or T;.

Proof. (a) Because a; and b;, or d; and f;, must be 1-separated by C;.
(b) Because a; and f; must be 1-covered by C;. Alternatively, use (4) in
Lemma 53. (c) Assume that it is x; that belongs to C;. Then taking a;
and f; would not 1-cover T;, and taking a; and d;, or b; and f;, would not
1-separate x; and d;, or x; and b;, respectively; on the other hand, {x;, b;, d; }
is 1-identifying. (d) Only z; and T; can be 1-covered by the outside, and a;
and f; still have to be 1-covered, a; and b;, and d; and f; still must be pairwise
1-separated by a codeword, requiring at least three inside codewords, one of
them being z; or 7;. A

The diapason and shortened diapason, introduced in the following lemma
and its corollary, will be used in the proof of Theorem 80.

Lemma 74 [11, Lemma 2.1, Cor. 2.1] Let r > 2 be any integer. Let T =

{t1, ta, ..., t:}, Y ={w1, yo, ..., Yor41}, and Z = {z1, 22, ..., zop41}. Let
A be the graph in Figure 18, with vertex set T UY U Z and edge set

{titi+1 e=1,2,...,7r— 1} @] {tryl,trzl} U {yiyiﬂ,ziziﬂ e=1,2,..., 2T}.

(a) The smallest r-identifying code in A, Cy, has size 2r + 2 and is
unique: it consists of the vertices yi, Yo, -, Yry Y2ra1l, 21y 22, -, Zpr, aNd
22r41-

(b) Any r-identifying code in A contains at least 2r+2 elements in YUZ;
among them, the 2r vertices y1, y2, ..., Yr and 21, 22, ..., 2 must belong
to any r-identifying code.

(c) Consider r — 1 copies, Ay, Ao, ..., Ar_1, of the graph A, and in
each copy rename the “first” vertex t1 by ti1, t2.1, ..., tr—1,1, and the other
vertices accordingly. Build the graph Q (c¢f. Figure 19) by taking these
r —1 copies and adding the edges t11t21, t21t3,1, ..., tr—21t,—1,1. Then the
smallest r-identifying code in 2, C1, has size (r — 1)(2r + 2), is unique and
consists of r — 1 copies of the code Cy, one copy of Cy in each copy of A.
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Figure 19: The graph €.

(d) If Q is plunged in a larger graph G, with only t11 and t,_1 .1 linked
to the outside, then every r-identifying code in G contains C1; no outside
vertex is r-covered by Cf. AN

We call the graph A a diapason. The sets Y and Z are the branches, the
set T the stem, the vertex t; the foot of the diapason.

Corollary 75 If we modify the previous lemma by considering a set T~
with one vertex less: T~ = {t1, to, ..., t,—1} and t,_1 linked to y; and z,
and if we denote by A~ the graph thus obtained, then the statements (a) and
(b) of Lemma 74 remain true when we replace A by A~ .

If A= is plunged in a larger graph G, with only t1 linked to the outside,
then every r-identifying code in Gt contains Cy; the outside neighbours of t1
are the only outside vertices r-covered by Cy, they are not r-separated from
one another by Cy, and they are r-separated by Cy from all the vertices
AN A

We call the graph A~ a shortened diapason.

80



Lemma 76 below, and its corollary, are similar to Lemma 60 and Corollary 61
on r-LLD codes: they characterize the vertices belonging to at least one
optimal r-identifying code, through the comparison of two 1-identification
numbers. They will be used for Proposition 85. They are simplified versions
of [32, Lemma 3] and [32, Cor. 4], respectively.

Lemma 76 Let G = (V,E) be a 1-twin-free graph. For a given vertex
a €V, we construct the following graph G, = (Vy, Ey):

Vo =V U{B1, 52,9, A}, Eo = EU{af, B1P2, 516, B1A, P26, B2},

where none of the vertices By, B2,0, A belongs to V. Then « belongs to at
least one optimal 1-identifying code in G if and only if i1(G) = i1(Gq) — 2.
AN

Corollary 77 Letr > 1 be any integer, G be an r-twin-free graph contain-
ing a vertex o, and G" be the r-th power of G. We construct the graph (G")q,
in the same way as in the previous lemma for G. Then a belongs to at least
one optimal r-identifying code in G if and only if i1 (G") = i1((G")a) — 2. A

In the following proposition, we shall only use the fact that IdC; belongs to
NP (see Propositions 85 and 86).

Proposition 78 [12, forr = 1], [11] Let r > 1 be any integer. The decision
problem 1dC, is NP-complete. A

But the proofs for Proposition 78 do not deal with the problem of the unique-
ness of a solution.

12.2 Uniqueness of Identifying Code
12.2.1 From U-SAT to U-IdC; and U-0OIdC;

Theorem 79 There exists a polynomial reduction from U-SAT to U-IdCy
and to U-OIdCy: U-SAT —, U-1dCy and U-SAT —, U-OIdC;.

Proof. This proof is inspired by that of the NP-completeness of IdCy in [12].

We give a polynomial reduction starting from an instance of U-SAT, that
is, a collection C of m clauses over a set X' of n variables.

For each variable z; € X, 1 < i < n, we take the graph G; = (V;, E;)
defined in Lemma 73. For each clause cj, containing ¢; literals, €; > 2, we
create two vertices, A; and Bj, and we link A; to the ; vertices correspond-
ing, in the graphs Gj, to the literals of ¢;. Finally we link the vertices A;
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Figure 20: For r = 1, the graph G, constructed from a set of clauses.

and B; to one copy of the graph G* defined in Lemma 72, one different copy
for each couple (Aj, Bj), by creating the edges Ajo and Bja (or rather: we
use the j-th copy of a); we call this graph G, see Figure 20. The order
of Gt is 6n + 15m. Note that each pair of vertices A;, Bj, 1 < j < m, is
1-covered by a copy of @ (which belongs necessarily to any 1-identifying code
in G, see Lemma 72). By Lemmas 72 and 73, we have i1 (GT) > 8m + 3n.
We set k = 8m + 3n.

We claim that there is a unique solution to SAT if and only if there is a
unique optimal 1-identifiying code in G, and if and only if there is a unique
1-identifying code of size at most k in G™.

(1) Assume first that there is a unique truth assignment satisfying all
the clauses. We construct the following code C: for i € {1,...,n}, among
the vertices z; € V;, T; € V;, we put in C the vertex z; if the literal xz;
has been set TRUE, the vertex T; if the literal x; is FALSE, and we add b;
and d;. We add all the copies of the vertices «, 51, w, 6, o, 7, A and p. Then
C is a 1-identifying code in G*: thanks to all our preliminary observations
(Lemmas 72 and 73), the only thing that remains to be checked is that for
all j € {1,...,m}, the vertices A; and B; are 1-separated by C. And this
is so because there is at least one true literal in the clause ¢;. Moreover,
|C| = k, which proves that it is optimal. We can also see that, once we have
decided between x; and T;, we have no choice left inside G;: we must take b;
and d;, because neither x; nor T; is 1-covered by outside codewords, due to
the fact that no vertex A; can be a codeword, by an argument of cardinality.

Why is C unique? Suppose on the contrary that C* is another 1-
identifying code of size k in G*. Then |C*NV;| =3 for all i € {1,...,n},
and exactly one of x; and =; is in C*. This defines a valid truth assignment
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for X, by setting xz; =T if z; € C*, z; =F if T; € C*. Since C # C*, this
assignment is different from the assignment used to build C'. But the fact
that C* 1-separates A; and B; for all j shows that there is a codeword z;
or T; l-covering A;, which means that the clause is satisfied. Therefore, we
have a second assignment satisfying the instance of SAT, a contradiction.
(2) Assume next that the answer to U-SAT is NO: this may be either
because no truth assignment satisfies the instance, or because at least two
assignments do; in the latter case, this would lead, using the same argument
as previously, to at least two optimal 1-identifying codes (of size k), and
a NO answer to U-IdC; and U-OIdC;. So we are left with the case when
the set of clauses C cannot be satisfied. This implies that no 1-identifying
code of size k exists; the case U-IdC; is closed, and, to go on with the
problem U-OIdC;, we assume that C' is an optimal 1-identifying code of
unknown size |C| > 8m + 3n. We know that each copy of G* contains
at least eight codewords, and each G; at least three codewords. Where
can the extra codeword(s) be? Any additional codeword in a copy of G*
is useless with respect to 1-identification and can be saved. If there are
five or six codewords in a G;, at least one can be saved; assume next that
there are four of them: (a) if both x; and Z; are codewords, then, e.g.,
CNnV; ={x;, T, bi,d;} or CNV; ={x;,T;,b;, fi} can be part of an optimal
solution; (b) if only one of x; and Z;, say x;, is a codeword, then there are
also several possibilities for C' NV}, such as {x;,b;,d;, a;} and {z;, b;, d;, fi}.
So we can conclude that there are eight codewords in each copy of G*,
three codewords in each G; and the extra codewords are among the vertices
Aj, B;. If for some j, Bj € C and A; ¢ C, then Bj serves as a codeword only
to 1-separate itself from Aj, but this can be done by A;, so (C\{B;})U{A4;}
would be another optimal 1-identifying code. So we are left with the case
Aj; € C. Then A; l-covers one vertex x; or ¥;, say x;, and then both
CNV; ={%,b;,d;} and CNV; = {Z;,q;, fi} are possible. In all cases, we
have proved that there are several optimal 1-identifying codes in G, i.e.,
we have a NO answer to the constructed instance of U-OIdC;. A

12.2.2 Extension to r > 2

As for LD codes, we do not go directly from r =1 to r > 2, but start again
from U-SAT, which does not change the final result; see [11, Rem. 2] about
this difficulty.

Theorem 80 Let r > 2 be any integer. There exists a polynomial reduction
from U-SAT to U-1dC, and to U-OIdC,: U-SAT —, U-1dC, and U-SAT —,
U-0I1dC,.
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Figure 21: How the edge e € Et is transformed in the proof of Theorem 80.
If e is a membership edge or an edge in G;, we use a copy of §); if e = A;B;,
we use a copy of A™.

Proof. This proof is inspired by that of the NP-completeness of IdC, in [11].

We give a polynomial reduction starting from an instance of U-SAT, i.e.,
a collection C of m clauses over a set X of n variables.

In a first step, for each variable z; € X, 1 < i < n, we take the graph
G; = (Vi, E;) defined in Lemma 73. For each clause c;, containing ¢; literals,
€j > 2, we create two vertices, A; and B;, and the edge A;B;, and we link
Aj to the ¢; vertices corresponding, in the graphs G, to the literals of c;;
we call these edges “membership edges”. So far, we have constructed an
intermediate graph, G; = (V7, EJ).

In a second step (see Figure 21), for each membership edge and for
each edge in the graphs G;, we “paste” one copy of the graph ) defined in
Lemma 74, which is equivalent to pasting » — 1 copies of the diapason A;
and for each edge A;B;, 1 < j < m, we paste one copy of the shortened
diapason A~ defined in Corollary 75. We denote by GT the graph thus
constructed, and set k = 3n + (r — 1)(2r + 2)(|Er| — m) + m(2r 4+ 2). The
order of Gt is (6n + 2m) + (|Ef| — m)(r — 1)(5r + 2) + m(5r + 1): the
transformation is polynomial indeed.

The diapasons can be seen as a way of putting at distance r, in the
graph G, the vertices in V;, 1 <i < n, and {4; : 1 < j < m} which are at
distance one from one another in Gy. And so these vertices will behave with
respect to each other in a way very similar to the case » = 1. In particular,
it is still true that, in addition to codewords taken in the branches of the
diapasons, at least three codewords are necessary to deal with the vertices
in each V;. Consequently, by Lemma 74(b), any optimal r-identifying code
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in G has size at least 3n + (r — 1)(2r + 2)(|Ef| — m) + m(2r 4+ 2) = k, the
three terms corresponding respectively to (a) the sets Vi, 1 <i < n, (b) the
r — 1 copies of the diapason on each edge which is not A;B;, and (c) the
copy of the shortened diapason on each edge 4;5;, 1 < j < m.

The role of the copies of the shortened diapason is to r-cover A; and
Bj without r-separating them, and to r-separate A; and B; from the other
vertices belonging to V7.

After these introductory observations, we can conclude that, in any r-
identifying code in G, the role of the codewords which do not belong to
the branches of the diapasons, is (a) to r-separate A; from Bj, for all j €
{1,...,m}; (b) to r-cover all the vertices in V;, and to r-separate them, for
allie{1,...,n}.

We claim that there is a unique solution to SAT if and only if there is a
unique optimal r-identifiying code in G, and if and only if there is a unique
r-identifying code of size at most k in G™.

(1) Assume first that there is a unique truth assignment satisfying all
the clauses. We construct the following code C: for i € {1,...,n}, among
the vertices x; € V;, T; € V;, we put in C the vertex z; if the literal x; has
been set TRUE, the vertex T; if the literal x; is FALSE, we add b; and d;,
and we also take the unique optimal r-identifying codes in all the copies of
and A™. Then, as in the case » = 1, we can check that C' is an r-identifying
code in G; in particular, for all j € {1,...,m}, the vertices A; and B; are
r-separated by C, because there is at least one true literal in the clause c;.
Also, the code C has the right size and is optimal. We can also see that,
once we know that, say, x; € C, we have no choice left for the completion of
the code, because a;, f; and Z; must be r-covered (the latter because no A;
is a codeword), and z;, b; and d; must be r-separated by the code. So b; and
d; necessarily are the remaining two codewords in V;, for all ¢ € {1,...,n}.

Why is C unique? Suppose on the contrary that C* is another r-
identifying code, with |C*| = |C|. Then for all i € {1,...,n}, exactly
three codewords take care of V;, and C* contains b;, d; and exactly one of
xz; and T;. This defines a valid truth assignment for X, by setting z; =T if
x; € C* x; =F if T; € C*. Since C # C*, this assignment is different from
the assignment used to build C. But the fact that C* r-separates A; and
Bj for all j shows that there is one codeword x; or T; r-covering A;, which
means that the clause is satisfied. Therefore, we have a second assignment
satisfying the instance of SAT, a contradiction.

(2) Assume next that the answer to U-SAT is NO: this may be either
because no truth assignment satisfies the instance, or because at least two
assignments do; in the latter case, this would lead, using the same argument
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as previously, to at least two optimal r-identifying codes (of size k), and a
NO answer to U-IdC, and U-OIdC,. So we are left with the case when the
set of clauses C cannot be satisfied. This implies that no r-identifying code
of size k exists: we have ended the case U-IdC,.; next, we assume that C' is
an optimal r-identifying code of unknown size |C| > k. We know that each
copy of © or of A~ contains at least (r — 1)(2r + 2) or 2r 4+ 2 codewords,
respectively, and that each V; requires at least three codewords. Now, where
can the extra codeword(s) be?

Note that, unfortunately, Remark 65 cannot be adapted to the present
construction with pasted diapasons for r-identifying codes, because in the
case (b) of the Remark, when the codeword z belonging to a diapason -
separates v and v and is replaced by w or v, then u and v are not r-separated
anymore. This did not matter with LD-codes, but it does for identifying
codes.

Any vertex B; is a useless codeword, because, even in the case r = 2, it
r-covers both A; and itself. This is also true for all the codewords that would
be on the branches of any diapason (apart from the codewords y1, y2, - . . yr,
yor4+1 and 21, 22,...,2r, 22r41), as well as for codewords on the stem of a
shortened diapason (for they all r-cover both A; and Bj).

Let us now consider the case of a codeword on the stem of a diapason
pasted on an edge e = uw: this edge is either a membership edge or an edge
in some G;; the (only) role of this codeword is either to r-cover exactly one
of w an v, and consequently to r-separate u from v, or to r-cover both u
and v, and consequently to r-separate them from other vertices in V;. We
distinguish between three cases. In each case, our goal is to show that one
codeword can be spared (contradiction with the optimality of C') or that
several optimal codes are possible.

(i) r = 2. The two vertices on the stem of the unique diapason pasted
on e both 2-cover v and v, so at most one of them is necessary in the code,
and they are interchangeable.

(ii) » > 4. (a) All the feet of the r — 1 diapasons r-cover u and v, so
at most one of them is necessary in the code, and they are interchange-
able. (b) If, say, u is linked to ¢; 1 and v to t,—1 1, then dg+(ti,,u) = r,
dg+(tir—1,u) =r—1,dg+(t1,,v) = 2r — 2, and dg+ (t1,—1,v) = 2r —3 > r,
so there are at least two vertices on the first stem which r-cover u, not v,
at most one of them is necessary in the code, and they are interchangeable.
The same is true by symmetry for ¢,_;, and ¢,_1,_1.

(iii) » = 3. (a) The feet of the two diapasons 3-cover u and v, and
the conclusion is the same as previously. (b) Without loss of generality, we
assume that we are in the following case: the codeword is ¢; 3; it is the only
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vertex in €} which 3-covers u, not v, so it 3-separates these two vertices.
If u= Aj for some j € {1,2,...,m}, then it is 3-covered and 3-separated
from v by the shortened diapason, and ¢13 can be spared. So u is one of
the six vertices in V; for some i € {1,2,...,n}. If u € {z;,T;,b;,d;}, that
is, if u has degree at least two in G, then we can replace t; 3 by another
vertex suitably chosen in a diapason pasted on another edge incident to
in G7. So we are left with the case when, say, u = a;, and so v = b;. But b;
is 3-covered by at least one codeword. (b1l) This codeword also 3-covers a;.
Then ¢; 3 can be replaced in C' by a vertex 3-covering b;, not a;: this choice
also allows to have a; and b; 3-covered and 3-separated by C. (b2) The
codeword 3-covering b; does not 3-cover a;. Then ¢; 3 can be replaced in C
by, e.g., t12, because a; and b; are already 3-separated by C'.

So in all cases, we have at least two possible optimal codes, and we can
assume from now on that each copy of Q contains exactly (r — 1)(2r + 2)
codewords, and each copy of A~ exactly 2r + 2 codewords.

The case when there are four (or more) codewords in a component G;
can be treated exactly like the case r = 1, as if the copies of 2 did not
exist. This is also true if each G; has exactly three codewords, and one
extra codeword is on some A;, because then A; r-covers some z; or z;. In
all cases, there is more than one possibility for V; N C.

In conclusion, whenever there are more than k codewords in an optimal

code, there are several possible optimal codes, and the answer to U-OIdC,
is NO. A

Corollary 81 Letr > 1 be any integer. The decision problems U-1dC, and
U-0IdC, are NP-hard. A

Proposition 82 Letr > 2 and ¢ > 1 be any integers. There is a polynomial
reduction from U-IdCq, to U-1dCy and from U-OIdCy, to U-OIldCy: U-1dCy,
—p U-1dCy and U-0OIdCy —, U-OIdC,.

As a particular case, we have U-1dC, —, U-1dCy and U-OIdC, —, U-
0ld(C;.

Proof. See the proof of Proposition 67 and Lemma 54(b). A

12.2.3 An Upper Bound for the Complexity of U-IdC,

Theorem 83 There exists a polynomial reduction from U-1dCy to U-SAT:
U-1dCy —, U-SAT.
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Proof. We refer to the proof of Theorem 68, and we give here only the
clauses that describe the identification problem. These clauses are con-
structed in the following way:

(al) for each vertex z° € V with neighbours z™,..., 2", we take the
clause of size k(s + 1):

7 7 7 ni ni ni n2 n9 n Nng\.
{2, 25, ..z, 2 ot ot 2Pttt

(a2) for each pair of vertices z° € V, 27 € V, we consider the set Bj(z?)
ABy(27) = {aM 2h2 ... 2"}, by the assumption that G is 1-twin-free, we
have £ > 0. Then we simply take the clause

hi .k hi _h h h h
A . R A 5
which is the second part of the clause c,i,; in the aforementioned proof.
Then the argument goes exactly like for Theorem 68, in particular thanks
to the characterization given by (2). A

By Proposition 82 or its corollary, this immediately implies that there is a
polynomial reduction from U-IdC, to U-SAT.

Theorem 84 Letr > 1 be any integer. The problem U-1dC, has complexity
equivalent to that of U-SAT.
As a consequence, U-1dC;. belongs to the class DP. A

12.2.4 Two Upper Bounds for the Complexity of U-OIdC,

Exactly as in Section 11.2.4, we give, without proof, two results on U-OIdC,;
this time, Lemma 76, Corollary 77 and Proposition 78 are used.

Proposition 85 For r > 1, the decision problem U-OIdC,. belongs to the
class PNP. In case of a YES answer, one can give the only optimal r-
identifying code within the same complexity. A

Proposition 86 Forr > 1, the decision problem U-OIdC, belongs to L.
A
13 Conclusion

We have established that the four decision problems U-LDC,., U-1dC,, U-
OLDC, and U-OIdC, are, for any fixed » > 1, NP-hard, and that the two
problems U-OLDC,. and U-OIdC, belong to the class LV*. For U-LDC, and
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Figure 22: Some classes of complexity: Figure 12 re-visited.

U-1dC,., we could go further and prove that they are equivalent to U-SAT
and therefore belong to the class DP.

Conjecture Neither U-OLDC, nor U-OIdC, belong to DP.

Open Problem Give a better location, in the classes of complexity, for the
problems U-LDGC,., U-IdC,, U-OLDC,. and U-OIdC,..

We can see in Figure 22 that U-SAT, U-LDC, and U-IdC, are in the ver-
tically hatched region, but probably not in DP-C, whereas U-OLDC, and
U-OIdC, are somewhere in the region that is hatched horizontally or verti-
cally.

In [9], a characterization of the trees which admit a unique optimal 1-LD
code is given.

Open Problems Extend this study to other classes of graphs; to any integer
r > 1; to identifying codes. What is the complexity of the sub-problem of
U-OLDC; when the instance is any tree.

In [8], the authors wonder whether

(A) U-SAT is NP-hard, but here we believe that what they mean is:
does there exist a polynomial reduction from an NP-complete problem to
U-SAT? i.e., they use the second definition of NP-hardness;

finally, they show that (A) is true if and only if

(B) U-SAT is DP-complete.
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So, if one is careless and considers that U-SAT is NP-hard without check-
ing according to which definition, one might easily jump too hastily to the
conclusion that U-SAT is DP-complete.
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Abstract

The decision problems of the existence of a Hamiltonian cycle or of
a Hamiltonian path in a given graph, and of the existence of a truth
assignment satisfying a given Boolean formula C, are well-known NP-
complete problems. Here we study the problems of the uniqueness of a
Hamiltonian cycle or path in an undirected, directed or oriented graph,
and show that they have the same complexity, up to polynomials, as
the problem U-SAT of the uniqueness of an assignment satisfying C. As
a consequence, these Hamiltonian problems are NP-hard and belong
to the class DP, like U-SAT.

Key Words: Graph Theory, Hamiltonian Cycle, Hamiltonian Path, Travel-
ling Salesman, Complexity Theory, NP-Hardness, Decision Problems, Poly-
nomial Reduction, Uniqueness of Solution, Boolean Satisfiability Problems
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14 Introduction

14.1 The Hamiltonian Cycle and Path Problems

We shall denote by G = (V, F) a finite, simple, undirected graph with vertex
set V and edge set F, where an edge between x € V and y € V is indifferently
denoted by xy or yz. The order of the graph is its number of vertices, |V|.

If V ={v1,ve,...,u,}, a Hamiltonian path HP =< v;, v, ...v;, > is an
ordering of all the vertices in V', such that v;;v;;,, € Eforallj,1 <j <n-1.
The vertices v;, and v;, are called the ends of HP. A Hamiltonian cycle is
an ordering HC =< v, v4, ... v;, (vi;) > of all the vertices in V| such that
v;, v, € F and ViV, €EF for all j, 1 < j < n — 1. Note that the same
Hamiltonian cycle admits 2n representations, e.g., < v;, Vi, . .. v, Vi, (Vi) >
or < v, Vi, ... ViV (vi,) >.

A directed graph H = (X, A) is defined by its set X of vertices and its
set A of directed edges, also called arcs, an arc being an ordered pair (z,y)
of vertices; with this respect, (z,y) and (y,z) are two different arcs and
may coexist. A directed graph is said to be oriented if it is antisymmetric,
i.e., if we have, for any pair {z,y} of vertices, at most one of the two arcs
(x,y) or (y,x); if (z,y) € A, we say that y is the out-neighbour of x, and
x is the in-neighbour of y, and we define the in-degree and out-degree of a
vertex accordingly. The notions of directed Hamiltonian cycle and of directed
Hamiltonian path are extended to a directed graph by considering the arcs
(vi,,vi;) € A and (vi;,vi;,,) € A in the above definitions. When there is no
ambiguity, we shall often drop the words “directed” and “Hamiltonian”.

The following six problems (stated as one) are well known, in graph
theory as well as in complexity theory:

Problem HAMC / HAMP (Hamiltonian Cycle / Hamiltonian Path):
Instance: An undirected, directed or oriented graph.
Question: Does the graph admit a Hamiltonian cycle / Hamiltonian path?

As we shall see (Proposition 88), they have been known to be NP-complete
for a long time. In this paper, we shall be interested in the following prob-
lems, and shall locate them in the complexity classes:

Problem U-HAMC[U] (Unique Hamiltonian Cycle in an Undirected graph):
Instance: An undirected graph G = (V, E).
Question: Does G admit a unique Hamiltonian cycle?

Problem: U-HAMP|U] (Unique Hamiltonian Path in an Undirected graph):
Instance: An undirected graph G = (V, E).
Question: Does G admit a unique Hamiltonian path?
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Problem: U-HAMCID] (Unique directed Hamiltonian Cycle in a Directed
graph):

Instance: A directed graph H = (X, A).

Question: Does H admit a unique directed Hamiltonian cycle?

Problem: U-HAMP[D] (Unique directed Hamiltonian Path in a Directed
graph):

Instance: A directed graph H = (X, A).

Question: Does H admit a unique directed Hamiltonian path?

Problem: U-HAMC|O] (Unique directed Hamiltonian Cycle in an Oriented
graph):

Instance: An oriented graph H = (X, A).

Question: Does H admit a unique directed Hamiltonian cycle?

Problem: U-HAMP[O] (Unique directed Hamiltonian Path in an Oriented
graph):

Instance: An oriented graph H = (X, A).

Question: Does H admit a unique directed Hamiltonian path?

We shall prove in Section 15 that these problems have the same complexity,
up to polynomials, as the problem of the uniqueness of a truth assignment
satisfying a Boolean formula (U-SAT). As a consequence, all are NP-hard
and belong to the class DP. The closely related problem Unique Optimal
Travelling Salesman has been investigated in [44], see Remark 94.

In a forthcoming work, we similarly reexamine some famous problems,
from the viewpoint of uniqueness of solution: Boolean Satisfiability and
Graph Colouring [34] (Sections 1—4 in this Report), Vertex Cover and Dom-
inating Set (as well as its generalization to domination within distance r) [35]
(Sections 5-8), and r-Identifying Code together with r-Locating-Dominating
Code [36] (Sections 9-13). We shall re-use here results from [34], and modify
a construction from [35].

In the sequel, we shall need the following tools, which constitute classical
definitions related to graph theory or to Boolean satisfiability. A wvertex
cover in an undirected graph G is a subset of vertices V* C V such that for
every edge e = uwv € E, V* N {u,v} # 0. We denote by ¢(G) the smallest
cardinality of a vertex cover of G; any vertex cover V* with |[V*| = ¢(G) is
said to be optimal.

Next we consider a set X of n Boolean variables x; and a set C of m
clauses (C is also called a Boolean formula); each clause ¢; contains k; literals,
a literal being a variable x; or its complement T;. A truth assignment for X
sets the variable x; to TRUE, also denoted by T, and its complement to
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FALSE (or F), or wice-versa. A truth assignment is said to satisfy the
clause ¢; if ¢; contains at least one true literal, and to satisfy the set of
clauses C if every clause contains at least one true literal. The following
decision problems are classical problems in complexity.

Problem VC (Vertex Cover with bounded size):
Instance: An undirected graph G and an integer k.
Question: Does G admit a vertex cover of size at most k7

Problem SAT (Satisfiability):

Instance: A set X of variables, a collection C of clauses over X', each clause
containing at least two different literals.

Question: Is there a truth assignment for X that satisfies C?

The following problem is stated for any fixed integer k > 2.

Problem k-SAT (k-Satisfiability):

Instance: A set X of variables, a collection C of clauses over X, each clause
containing exactly k different literals.

Question: Is there a truth assignment for X’ that satisfies C?

Problem 1-3-SAT (One-in-Three Satisfiability):

Instance: A set X of variables, a collection C of clauses over X', each clause
containing exactly three different literals.

Question: Is there a truth assignment for X such that each clause of C
contains exactly one true literal?

We shall say that a clause (respectively, a set of clauses) is 1-3-satisfied by
an assignment if this clause (respectively, every clause in the set) contains
exactly one true literal. We shall also consider the following variants of the
above problems:

U-VC (Unique Vertex Cover with bounded size),

U-SAT (Unique Satisfiability),

U-k-SAT (Unique k-Satisfiability),

U-1-3-SAT (Unique One-in-Three Satisfiability).
They have the same instances as VC, SAT, k-SAT and 1-3-SAT respec-
tively, but now the question is “Is there a wunique vertex cover / truth
assignment. ..7”.

We shall give in Propositions 89-93 what we need to know about the
complexities of these problems.
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14.2 Some Classes of Complexity

We refer the reader to, e.g., [6], [21], [38] or [45] for more on this topic. A
decision problem is of the type “Given an instance I and a property PR
on I, is PR true for I7”, and has only two solutions, “yes” or “no”. The
class P will denote the set of problems which can be solved by a polynomial
(time) algorithm, and the class NP the set of problems which can be solved
by a nondeterministic polynomial algorithm. A polynomial reduction from a
decision problem m; to a decision problem 75 is a polynomial transformation
that maps any instance of 71 into an equivalent instance of mo, that is, an
instance of mo admitting the same answer as the instance of 71; in this case,
we shall write m; —, ma. Cook [14] proved that there is one problem in
NP, namely SAT, to which every other problem in NP can be polynomially
reduced. Thus, in a sense, SAT is the “hardest” problem inside NP. Other
problems share this property in NP and are called NP-complete problems;
their class is denoted by NP-C. The way to show that a decision problem
7w is NP-complete is, once it is proved to be in NP, to choose some NP-
complete problem 7; and to polynomially reduce it to w. From a practical
viewpoint, the NP-completeness of a problem 7 implies that we do not
know any polynomial algorithm solving 7, and that, under the assumption
P= NP, which is widely believed to be true, no such algorithm exists: the
time required can grow exponentially with the size of the instance (when the
instance is a graph, its size is polynomially linked to its order; for a Boolean
formula, the size is polynomially linked to, e.g., the number of variables plus
the number of clauses).

The complement of a decision problem, “Given I and PR, is PR true
for 1?77, is “Given I and PR, is PR false for I7”. The class co-NP (respec-
tively, co-NP-C) is the class of the problems which are the complement of a
problem in NP (respectively, NP-C).

For problems which are not necessarily decision problems, a Turing re-
duction from a problem 71 to a problem 7 is an algorithm A that solves my
using a (hypothetical) subprogram S solving 72 such that, if S were a poly-
nomial algorithm for s, then A would be a polynomial algorithm for 7.
Thus, in this sense, mo is “at least as hard” as my. A problem 7 is NP-
hard (respectively, co-NP-hard) if there is a Turing reduction from some
NP-complete (respectively, co- NP-complete) problem to 7 [21, p. 113].

Remark 87 Note that with these definitions, NP-hard and co-NP-hard co-
incide [21, p. 11/].

The notions of completeness and hardness can of course be extended to
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NP-hard =co—-NP-harc

Figure 23: Some classes of complexity.

classes other than NP or co-NP. NP-hardness is defined differently in [15]
and [27]: there, a problem 7 is NP-hard if there is a polynomial reduction
from some NP-complete problem to 7; this may lead to confusion (see Sec-
tion 16).

We also introduce the classes PV? (also known as Ap in the hierarchy
of classes) and LN* (also denoted by PNPIOUcgn)] or @,), which contain
the decision problems which can be solved by applying, with a number of
calls which is polynomial (respectively, logarithmic) with respect to the size
of the instance, a subprogram able to solve an appropriate problem in NP
(usually, an NP-complete problem); and the class DP [46] (or DIFF [8] or
BH, [38], [52], ...) as the class of languages (or problems) L such that there
are two languages L1 € NP and Lo € co-NP satisfying L. = L; N Ls. This
class is not to be confused with NPNco-NP (see the warning in, e.g., [45,
p. 412]); actually, DP contains NPUco-NP and is contained in L. See
Figure 23.

Membership to P, NP, co-NP, DP, LN* or PN¥ gives an upper bound
on the complexity of a problem (this problem is not more difficult than ...),
whereas a hardness result gives a lower bound (this problem is at least as
difficult as ...). Still, such results are conditional in the sense that we do
not know whether or where the classes of complexity collapse.

We now consider some of the problems from Section 14.1.

Proposition 88 [39/, [21, pp. 5660 and pp. 199-200] The decision prob-
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lems HAMC and HAMP, in an undirected, directed or oriented graph, are
NP-complete. A

The problems VC, SAT and 3-SAT are also three of the basic and most
well-known NP-complete problems [14], [21, p. 39, p. 46, p. 190 and p. 259].
More generally, k-SAT is NP-complete for k > 3 and polynomial for k£ = 2.
The problem 1-3-SAT, which is obvioulsy in NP, is also NP-complete [48,
Lemma 3.5], [21, p. 259], and Remark 3 in this Report.

The following results will be used in the sequel.

Proposition 89 /3] (= Theorem 10 in this Report) For every integer k >
3, the decision problems U-SAT, U-k-SAT and U-1-3-SAT have equivalent
complexity, up to polynomials. A

Using the previous proposition and results from [8] and [45, p. 415], it is
rather simple to obtain the following two results.

Proposition 90 For every integer k > 3, the decision problems U-SAT,
U-k-SAT and U-1-3-SAT are NP-hard (and co-NP-hard by Remark 87). A

Proposition 91 For every integer k > 3, the decision problems U-SAT,
U-k-SAT and U-1-3-SAT belong to the class DP. A

Remark 92 [t is not known whether these problems are DP-complete. In [45,
p. 415], it is said that “U-SAT is not believed to be DP-complete”.

Proposition 93 [35] (see Theorems 30 and 34 in this Report) The decision
problems U-SAT and U-VC have equivalent complexity, up to polynomials.

In particular, there exists a polynomial reduction from U-1-3-SAT to U-VC:
U-1-3-SAT —, U-VC. A

After the following remark is made, we shall be ready to investigate the
problems of uniqueness of Hamiltonian cycle or path.

Remark 94 In [}4], it is shown that the following problem is PNP_complete
(or Ag-complete).

Problem U-OTS (Unique Optimal Travelling Salesman):

Instance: A set of n vertices, a n X n symmetric matriz [cij] of (nonnega-
tive) integers giving the distance between any two vertices i and j.
Question: Is there a unique optimal tour, that is, a unique way of visiting
every vertex exactly once and coming back, with the smallest distance sum?
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I
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Figure 24: The chain of polynomial reductions.

At best, a polynomial reduction from any instance G = (V, E) of U-HAMC/[U]
to U-OTS would show that U-HAMC/[U] belongs to PN¥, but we have a bet-
ter result in Theorem 103(b), with U-HAMC/[U] belonging to DP; no useful
information for our Hamiltonian problems can be induced from this result
on U-OTS.

15 Locating the Problems of Uniqueness

We prove that our six Hamiltonian problems have the same complexity as
any of the three problems U-SAT, U-k-SAT (k > 3) and U-1-3-SAT by
proving the chain of polynomial reductions given by Figure 24.

Theorem 95 There exists a polynomial reduction from U-1-3-SAT to U-
HAMP[O]: U-1-3-SAT —, U-HAMP[O].

Proof. We describe a polynomial reduction from the problem U-1-3-SAT
to U-HAMP/[O], via U-VC: to do this, we use a polynomial reduction from
U-1-3-SAT to U-VC, which is simpler than the one given in the proof of
Theorem 30 in this Report, and mentioned in Proposition 93 of this paper;
that proof had the advantage to cope with U-VC and U-OVC (Unique Op-
timal Vertex Cover) at the same time, but would give here a much more
complicated proof for U-HAMP|O].

From an arbitrary instance of U-1-3-SAT with m clauses and n variables,
we mimick the reduction from 3-SAT to VC in [39], [21, pp. 54-56], and we
construct the instance Gyo = (Vir¢, Ey¢) of U-VC as follows (see Figure 25
for an example): we construct for each clause ¢; a triangle T; = {aj,b;, d;},
and for each variable z; a component G; = (V; = {x;,7;}, E; = {,7;}).
Then we link the components G; on the one hand, and the triangles T} on
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Gye

membership edge

Figure 25: Illustration of the undirected graph constructed for the re-
duction from U-1-3-SAT to U-VC, with four variables and two clauses,
c1 = {z1,22,23}, c2 = {T2,x3,24}. Here, k = 8, and the black vertices
form the (not unique) vertex cover V* of size eight corresponding to the
(not unique) truth assignment z; =T, 9 =F, 23 =F, x4 =F 1-3-satisfying
the clauses. As soon as we set V*N (Vi UVoUV3UV)) = {x1, T2, T3,T4}, the
other vertices in V* are forced.

the other hand, according to which literals appear in which clauses (“mem-
bership edges”). For each clause ¢; = {{1, {2, 3}, we also add the triangular
set of edges EJ’ = {2122,2123,2223}. Finally, we set k = n + 2m.

The order of Gy ¢ is 3m + 2n and its number of edges is at most n + 9m
(the edge sets E; are not necessarily disjoint).

Note already that if V* is a vertex cover, then each triangle T} contains
at least two vertices, each component G; at least one vertex, and |[V*| >
2m +n = k; if |V*| = 2m + n, then each triangle contains exactly two
vertices, and each component G; exactly one vertex. We can also observe
that, because of the edge sets E;-, at least two vertices among /1, {5, {3 belong
to any vertex cover.

(a) Let us first assume that the answer to U-1-3-SAT is YES: there is
a unique truth assignment 1-3-satisfying the clauses of C. Then, by taking,
in each G;, the vertex corresponding to the literal which is TRUE, and in
every triangle T}, the two vertices which are linked to the two false literals
of ¢;, we obtain a vertex cover V* whose size is equal to k. Moreover, once
we have put the n vertices corresponding to the true literals in the vertex
cover V* in construction, we have no choice for the completion of V* with
k —mn = 2m vertices: when we take two vertices in T}, we must take the two
vertices which cover the membership edges linked to the two false literals
(in the example of Figure 25, the vertices by, d; and be, ds). So, if another
vertex cover V1 of size k exists, it must have a different distribution of its
vertices over the components G, still with exactly one vertex in each Gjy;
this in turn defines a valid truth assignment, by setting =; =T if z; € VT,
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x; =F if ; € V. Now this assignment 1-3-satisfies C, thanks in particular
to our observation on the covering of the edges in E; So we have two truth
assignments 1-3-satisfying C, contradicting the YES answer to U-1-3-SAT;
therefore, V* is the only vertex cover of size k.

(b) Assume next that the answer to U-1-3-SAT is NO: this may be either
because no truth assignment 1-3-satisfies the instance, or because at least
two assignments do; in the latter case, this would lead, using the same
argument as in the previous paragraph, to at least two vertex covers of
size k, and a NO answer to U-VC. So we are left with the case when the
set of clauses C cannot be 1-3-satisfied. But again, we have already seen
that this would imply that no vertex cover of size (at most) k exists, since
such a hypothetical vertex cover V* would imply the existence of a suitable
assignment.

We are now ready to construct an instance of U-HAMP[O]. In the sequel,
we shall say “path” for “directed Hamiltonian path”.

We look deeper into the proof of the NP-completeness of the problem Hamil-
tonian Cycle (see [21, pp. 56-60]), which uses a polynomial reduction from
VC to HAMC|[U] that, due to the so-called “selector vertices”, cannot cope
with the problem of uniqueness; step by step, we construct an oriented graph
H = (X, A) for which we will prove that:

(1) if there is a YES answer for the instance of U-1-3-SAT (which implies
that there is a unique vertex cover V* in Gy ¢, with cardinality at most k),
then there is a unique path in H;

(ii) if there are at least two assignments 1-3-satisfying all the clauses (i.e.,
there are at least two vertex covers in Gy ¢, with cardinality at most k), then
there are at least two paths in H;

(iii) if there is no assignment 1-3-satisfying the clauses (and no vertex
cover in Gy ¢ with cardinality at most k), then there is no path in H.

Step 1. For each edge e = uv € Ey¢, we build one component H, =
(Xe, Ae) with 12 vertices and 14 arcs: X, = {(u,e,i), (v,e,i) : 1 < 1 <
6}, Ae = {((u,e,i), (u,e,i + 1)), ((v,e,1), (v,e,i + 1)) = 1 < i < 5} U
[((v,,3), (u,e,1)), (s ,3), (v, €, D)JUL((v,€,6), (1, €, ), ((us€,6), (v, €, 4)
see Figure 26, which is the oriented copy of Figure 3.4 in [21, p. 57].

In the completed construction, the only vertices from this component
that will be involved in any additional arcs are the vertices (u, e, 1), (u, e, 6),
(v,e,1), and (v,e,6). This, together with the fact that there will be two
particular vertices, a1 and ¢, which will necessarily be the ends of any path,
will imply that any path in the final graph H will have to meet the vertices
in X, in exactly one of the three configurations shown in Figure 27, which
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(u,e,1 (v,e,1)
(u,e,2) (v,e,2)
(u,e,3) (v,e,3)
(u,e,4) (v,e,4)
(u,e,5) (v,e,b)
(u,e,6) (v,e,6)

Figure 26: Two possible representations of the same component H, for the
edge e = uv € Eyc (Step 1).

(u,e,1) (u,e,1 (v,e,1) (v,e,1)
(©)
(u,e,6 (v,e,6) (v,e,6)
Figure 27: The three ways of going through the component H. (Step 1).
The arrows inside H. are not represented.

is the oriented copy of Figure 3.5, in [21, p. 58]. Thus, when the path meets
the component H, at (u, e, 1), it will have to leave at (u, e, 6) and go through
either (a) all 12 vertices in the component, in which case we shall say that
the component is completely visited from the u-side, or (b) only the 6 vertices
(u,e,i), 1 <1i <6, in which case we shall say that the component is visited
in parallel and needs two visits, i.e., another section of the path will re-visit
the component, meeting the 6 vertices (v,e,i), 1 <i < 6.

Step 2. We create n vertices «;, 1 < i < n, and 2n arcs (o, (x4, ;T;, 1)),
(e, (Ti, T4, 1)), that is, we link «; to the “first” vertices of the compo-
nent H, whenever e = x,;%;. The vertices o; can be seen as literal selectors
that will choose between x; and T;. The vertex a; will have no other neigh-
bours; this means in particular that it will have no in-neighbours, thus it
will necessarily be the starting vertex of any Hamiltonian path, if such a
path exists.

We choose an arbitrary order on the 3m vertices of the triangles 7} in
the graph Gy ¢, say Or =< a1,b1,d1,a9,...,dy, > and an arbitrary order
on the literals x;, T;, say Op =< x1,22,...,%n, T1,..., L, >. For each literal
¢; equal to x; or T;, we do the following (see Figure 28 for an example):
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rule (a) X _— Tule(b)

Figure 28: The example of the literals x; and Z; from Figure 25 (Step 2);
here, Rule (a) applies with ¢(z1) = 1, ¢(Z1) = 0, Rule (b) with s(z1) = 2.
The arrows inside H. are not represented.

Rule (a): If ¢; appears ¢ = q(¢;) > 0 times in the clauses and is linked
in Gy toty,...,ty where the t’s belong to the triangles T} and follow the or-
der Or, then we create the arcs ((4;, £;0;,6), (¢;, it1,1)), (4, €it1,6), (£;, lita, 1)),
. ((&',Eitq_l, 6), (ﬁi,gitq, 1))

Rule (b): We consider the triangular sets of edges £’ described in the
construction of Gy¢.

o If /; does not belong to any such edge, we create the arc ((¢;, £itq,6), ait1)
—or ((£;,£:0;,6), a;y1) if £; does not apppear in any clause— unless i = n, in
which case we create ((¢;, {ity,6), 51) or ((¢;,¢:l;,6),B1), where 3; is a new
vertex that will be spoken of at the beginning of Step 3.

e If /; belongs to s = s(¢;) > 0 edges from EJ’., which link ¢; to s liter-
als ¢;,, ..., ¢, that follow the order Oy, then we build the arc ((¢;, ty,6), (¢;,
0:l;,, 1)) —or the arc ((;, 0, 6), (£;, 0il;,, 1)) if ¢ = 0; next, the arcs ((¢;, £;4;,
6), (fi,fi&é, 1)), ey ((Ez, 6161371,6), (fl, éiéisa 1)) and ((&,EZ&S, 6), OZ/L'Jrl), un-
less i = n, in which case we create ((¢;,¢;¢;.,6), 31).

Remark 96 In the example of Figure 28, one can see that if a path takes,
e.g., the arc (a1, (x1,21%1,1)), then it visits the vertices (r1,r171,6), (21,
zia1,1), (x1,2101,6), and ag. If on the other hand, we use the arc (aq,
(Z1,2171, 1)), we also go to aa. The same is true between ag and as, ...,
between ap_1 and oy, between oy, and 3.

We can see that so far, a; has (out-)degree 2, aq, ..., o, have degree 4 (in-
and out-degrees equal to 2), and 5 has (in-)degree 2.

Step 3. We consider the m clauses and the m corresponding triangles T}.
We create 2m vertices Bj,ﬁé 1 < j < m. As we have seen in the
previous step, 1 has already two in-neighbours, which can be (€, ¢ptq,6),

102



rule (a) =——

Figure 29: The treatment of the triangle 7} from Figure 25 (Step 3). The
arrows inside H. are not represented.

or (Un,lnln,6), or (£y,lply,,6). We also create one more vertex §, which
will have only in-neighbours, so that o1 and § will necessarily be the ends
of any directed Hamiltonian path, if such a path exists.

Now for the triangle Tj = {a;,b;,d;}, 1 < j < m, associated to the clause
¢; = {4,,%,,¢;,} in the graph Gyc, we consider the six corresponding
components Hg ., Hajd;s Hpd;, Hajgjl, Hbjgj2 and degjs. The vertices
B; and 5} can be seen as triangle selectors, intended to choose two vertices
among three. With this in mind, we create the following arcs (see Figure 29),
for j € {1,2,...,m}:

Rule (a): (8), (a;,a;b;,1)), ((a;,a;b;,6), (a;,a;d;, 1)), ((a;,a;d;,6), (aj,
ajl;;,1)), ((aj,a;l;,,6), ;).

Rule (b): (B, (bj,a;b5,1)), (B}, (bj,a;b;,1)), ((bj,a;0;,6), (bs, bjdy, 1)),
((bj, bjdy, 6), (bj,bil5,, 1)), ((bs, bil,. 6), B5), plus the arc ((bj, bjlj,, 6), Bj+1),
unless j = m, in which case it is ((b;,b;¢,,6),6).

Rule (c): (8}, (dj,a;d;, 1)), ((dj,a;d;,6),(d;,bid;, 1)), ((dy,bjd;,6), (dj,
djfj?), 1)), ((dj, djfj?), 6), 5]'4_1), unlessj =m, in which case it is ((dj, dj£j3, 6), 5)

Remark 97 On the example of Figure 29, there are three ways for going
from [ to By through the components Hy b, , Hoyq, and Hg,p, .
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e If a path starts by taking the arc (B1,(a1,a1b1,1)), then there are two
possibilities, according to how we visit Hyp, :

o The first possibility corresponds to taking a1 and di, not by, in a ver-
tex cover: the path completely visits the component Hg,p, from the ai-side,
then the component H,, 4, in parallel, then the component H,, ., in a so far
unspecified way, then B.

Neat, it takes the arc (BY,(d1,d1a1,1)), re-visits Hg,q, in parallel, com-
pletely visits Hq,p, from the di-side, then Hg, .., and ends this path section
at B2. One can see that the three components corresponding to edges inci-
dent to by must all be completely visited from the side opposite by, including
the xo-side.

o The second possibility corresponds to taking ay and by, not dy, in a ver-
tex cover: the path follows the arc (p1, (a1,a1b1, 1)), visits Hyyp, in parallel,
visits completely Hy,q, from the ay-side, then Hgy, 5, and (.

Next, it takes the arc (31, (b1,b1a1,1)), goes through Hy 4, in parallel,
goes completely through Hy, 4, from the bi-side, then Hy,,,, and ends this
path section at Bo. The component Hg, 4, is not yet visited.

o Alternatively, a path can start by taking the arc (p1,(b1,a1b1,1)); this
corresponds to taking by and di, not ay, in a vertex cover and constitutes
the third way for going from (1 to Ba. The path then completely visits Hy, q,
from the by-side, Hy, 4, in parallel, Hy,,,, and (3.

Neat, it completely visits Hg, o, from the dy-side, Hg,p, in parallel, Hg, ..,
and this path section ends at Ba. The component Hgy, 5, is not yet visited.

It is easy to see that these are the only three ways for going from 1 to Ps
through the components Hg ., Hyya, and Hg,p,, not taking into account the
ways of going through the components Hgy 2, Hpy z, and Hg, -, (this issue
will be treated later on, in the general case): indeed, the only possibility left
would be to follow the arc (B, (b1,a1b1,1)) and visit Hy 4, in parallel, but
then the ay-side of Hp,q, cannot be reached.

The same will be true for the components Hgp,, Ho;a, and Hqp, and the
corresponding triangles Tj, 1 < j < m, between B; and 41 (or between [y,
and 0).

The description of the oriented graph H is complete. Now (51 has increased
its degree to 4, and Sa, ..., By and B, ..., B, have degree 4. Actually, all
the selectors but ay have in-degree 2 and out-degree 2 in H. These n selectors
aj, 1 <1 <n, and 2m selectors f;, B;-, 1 < j < m, translate the choices we
have to make when constructing a vertex cover with size 2m + n: we have
one choice among the n variables (take z; or 7;); as for the m triangles T}
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associated to the clauses, Remark 97 has shown how the selectors f;, Bg,
1 < 7 < m, can be used to choose two vertices among three. The number
of selectors is one reason why there is no directed Hamiltonian path in H
when the vertex covers in Gy ¢ have size at least 2m +n + 1.

The order of H is 12|Eyc|+n+ 2m + 1, which is at most 12(n 4 9m) +
n 4 2m + 1, so that the transformation is polynomial indeed.

We are now going to prove our claims about the existence or non-existence,
uniqueness or non-uniqueness, of a directed Hamiltonian path in H.

Assume first that there is an assignment satisfying the instance of U-1-3-
SAT, and therefore that there is a vertex cover V* in Gy ¢ with size 2m +n.
We construct a path in H in a straightforward way: every component H,,
(wv € Eyc) with {u,v} C V*is visited in parallel, whereas H,, is completely
visited from the u-side whenever v € V*, v ¢ V*. Let us have a closer look
on how this works:

We start at o, and visit completely the component H,, z, from the z;-
side if #; =T, from the Z;-side if ; =F (or, equivalently, if 1 € V* or
T1 € V*, respectively). If, say, z1 =F, we then completely go through all
the components corresponding to triangles 7 and involving 7, all from
the 71-side; note that all the components just completely visited involve 7y
and a vertex not in V*, by the very construction of the vertex cover V*,
which is possible because it stems from an assignment 1-3-satisfying all the
clauses. Then we go through the components constructed from the edge
sets E; and involving T;; those involving a second vertex in V* (i.e., a true
literal) are visited in parallel, whereas those involving a vertex not in V*
are completely visited from the Ti-side; then the path arrives at as. The
components involving z1, apart from H,, z,, remain completely unvisited for
the time being, and the components that have been visited in parallel will
have to be re-visited.

We act similarly between as and as, ..., ap and fGq; cf. Remark 96.
When doing this, we re-visit all the components that had been visited only
in parallel, and completely visit the components involving a literal not in V'*
and corresponding to edges in E; The only components not visited yet
between oy and (1 are those corresponding to edges between a false literal
(not in V*) and its neighbours in the triangles Tj.

Next, starting from (1, we use Remark 97 according to the three pos-
sible cases: (a) {ai1,di} C V*, by ¢ V* (b) {a1,l1} C V* d1 ¢ V¥,
(c) {bi,d1} € V*, a1 ¢ V*. We give in detail only the third case, for
the clause ¢; = {1, 2, ¢3}: we use the arc (01, (b1,a1b1, 1)) and completely
visit the component H,,;, from the b;-side, then the component Hj, 4, in
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parallel, then the complete component Hp e, from the bi-side (because if
by € V*, then ¢5 ¢ V* and this component had not yet been visited) and
end at 3. Next, we take the arc (8], (d1,dya1,1)), we completely visit Hy, o,
from the di-side, re-visit Hy,p, in parallel, completely visit Hg, ¢, from the
dy-side, and this path section ends at (33. Note that (a) the three compo-
nents involving a; between ;1 and (2 have been completely visited, from
the bi-, di- or ¢1-sides (because a; ¢ V* implies that ¢; € V*); (b) any so
far unvisited component involving a false literal (here, these are ¢5 and /3)
and one of the vertices of the triangle T} (here b; and d;) has now been
completely visited from the triangle sides (here from the b;- and d;-sides).

We act similarly between (B2 and 83, ..., B and §; cf. the end of
Remark 97. The ultimate section takes us between f3,, and 4, the final
vertex, and we have indeed built a directed Hamiltonian path, from a7 to 4,
in the oriented graph H.

Obviously, two different assignments 1-3-satisfying all the clauses lead, fol-
lowing the above process, to two different paths in H. We still want to prove
that 1) if no assignment 1-3-satisfying all the clauses exists, then no path
exists, and 2) a unique assignment 1-3-satisfying all the clauses leads to a
unique path.

1) We assume that there is a directed Hamiltonian path HP in H, and
exhibit an assignment 1-3-satisfying all the clauses.

Let us consider the vertex aq; its two out-neighbours in H are (z1, 171, 1)
and (71,2171, 1). So exactly one of the arcs (a1, (1, 2171, 1)), (au, (Z1, 2171, 1))
is part of HP. The same is true for a;, 1 < ¢ < n. As a consequence, we can
define a valid assignment of the variables z;, 1 < i <n, by setting z; =T if
and only if the arc (o, (z;, 2;T;, 1)) belongs to HP.

Next, we address the vertices 8, 1 < j < m. The construction in Steps 2
and 3 is such that each vertex §;, 1 < j < m, has two out-neighbours,
(aj, ajbj, 1) and (bj, ajbj, 1).

This implies that the assignment defined above is such that there is at
least one true literal in each clause. Indeed, if we assume that the clause
¢; = {4,,%,,¢;,} does not contain any true literal, then the component
Hg,¢;, 1s completely visited by HP from the aj-side, because /;, =F im-
plies that the arc (o, (¢),,¢;,¢j,,1)) is not part of HP and does not give
access to the ¢;, -side. Similarly, the components Hbj 0, and de ¢;, are com-
pletely visited by HP from the b;- and dj;-sides, respectively. This in turn
implies that in HP we have the arcs ((aj,aj€j1,6),5§~), (Bj, (aj,a;b;,1)),
((dj, djfjg, 6), ,Bj+1) and ( ;-, (dj, djaj, 1)) —replace /Bj+1 by 6 lfj =m. Now
how does HP go through (b;, b;¢;,,6)? It cannot be with the help of the £;,-
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side of Hp, 0,5 SO there are only two possibilities left: but if it is with the arc
((bj,bj€j,,6), 3}), then B} has three neighbours in HP, which is impossible;
and if it is with the arc ((b;, b;¢;,,6), Bj+1), then in HP, the vertex 3;;1 has
two in-neighbours, which is impossible —including when j = m and 3,41 is
replaced by . From this we can conclude that the clause ¢; = {¢;,,¢;,,¢;;}
contains at least one true literal.

Assume next that one clause has at least two true literals: without loss
of generality, ¢; = {¢{;,,¢;,,,} is such that ¢; = ¢;, =T. Then HP has
no access to the ¢;,- and ¢;,- sides of the components involving ¢, or /;,,
but, since there is the edge Wh in Gy ¢, this means that HP has no way
of visiting the component sz 7 Therefore, we have just established that
the assignment derived from the path HP 1-3-satisfies all the clauses. This,
together with the fact that two assignments 1-3-satisfying the clauses lead
to two paths, shows that a NO answer to the instance of U-1-3-SAT implies
a NO answer for the constructed instance H of U-HAMPIO].

2) We want to show that a unique assignment A 1-3-satisfying all the
clauses leads to a unique path in H. This assignment leads to a unique
vertex cover V* of size n + 2m, in Gy, and to a path in H, as already
seen. Now assume that we have a second path, so that these two paths,
which we call HP; and H P2, both lead, with the above description in 1),
to the same A and the same V*.

The two paths must behave in the same way over the components H,, z,,
1 < i < n: otherwise, from them we could define two different valid assign-
ments, which would both, as seen previously, 1-3-satisfy the clauses.

Next, consider the clause ¢; = {¢;,,¢},,¢;,} and assume without loss of
generality that A(¢;,) =T, A(¢;,) = A(¢j,) =F; this implies, for both HP;
and HP-, that the components He- 7. Hg_ 7. and HZ, 7. are completely

71%J1 J2%92 73733

visited from the £} -, ij— and Zj3—sides, respectively, so that both paths have
no access to the ;,- nor /;,-sides. As a consequence, between (3; and 3,41
(or By, and §), the components Hy, 0, and Hg; ¢, are completely visited from
the b;- and dj-sides, respectively. Then necessarily the following arcs belong
to HP1 and HP2, going along the d;-side:
((dj’ djljs, 6), /Bj+l) —or ((djv djlys, 6),0)—, ((dj’ djby, 6), (dj7 djljs, 1)), ((dja
dja;,6), (dj, d;b;, 1)), (85, (dj, dja;,1));

and going along the b;-side:
((bj,bj€j,,6), 3;) (because Bji1 —or 6— cannot have two in-neighbours),
and ((b;byd;, 6), (b, biLis 1)). (b 6), (b by, 1)).

The component Hy, 4, must be visited in parallel, and it is (8;, (b;, bja;, 1))
that belongs to the two paths.
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We can see that all the components containing a;, in particular Ha].gjl,
must be completely visited from the sides opposite a;. So far, we have proved
that the two paths HP; and HP2 behave identically between 3; and 3,41
(or B, and §), including on the components corresponding to membership
edges (between literals and triangles).

Consider now what happens between «; and «;11 (or o, and (7). As-
sume without loss of generality that, say, A(x;) =T, so that (o, (s, ;T;, 1))
is part of the two paths. Consider the components involving x; in H: there
are first those involving vertices of type a, b or d, which translate the mem-
bership of x; to a certain number of clauses, and which we called t1,...,,
in Step 2(a); we have already seen in the previous paragraph that these
components must be completely visited from the x;-side.

Then we consider the components created from the edges in E;-, cf.
Step 2(b); here, some edges in Gy¢ can have both ends in V*, but, us-
ing similar arguments as before, we can see that the two paths will visit all
these components in the same way: consider the clause ¢; = {¢;,,¢;,,¢;;}
and the corresponding set E}, and assume without loss of generality that
x; = {j,, so that A(¢;,) =T, which implies that A(¢;,) = A(¢;,) =F; then
szlzjg and thzjs must be completely visited from the @2- and ng—sides,
respectively, and thzjs in parallel, i.e., the two paths have no choice but to
behave identically on all three components. As for the components with z;,
they must be completely visited from the side which is not the side of T;.

So we have just proved that the two paths are identical between a; and
a9, ..., a, and By.

Therefore, the two paths (between oy and ) are one and the same. A

Proposition 98 There exists a polynomial reduction from U-HAMP[O] to
U-HAMC(O]: U-HAMP[O] —, U-HAMCIO].

Proof. We start from an oriented graph H = (X, A) which is an instance
of U-HAMP[O] and build a graph which is an instance of U-HAMC|O] by
adding two extra vertices y, z, together with the arc (y, z) and all the arcs
(x,y) and (z,z), x € X. This transformation is polynomial and clearly
preserves the number of solutions, in particular the uniqueness. A

Proposition 99 There is a polynomial reduction from U-HAMP[O] to U-
HAMP[D] and from U-HAMC/[O] to U-HAMC/D]:
U-HAMP[O] —, U-HAMP[D] and U-HAMC[O] —, U-HAMCD].

Proof. It suffices to consider the identity as the polynomial reduction. A
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Theorem 100 There is a polynomial reduction from U-HAMP[D] to U-
HAMP/[U] and from U-HAMC[D] to U-HAMC/[U]:
U-HAMP[D] —, U-HAMP[U] and U-HAMC|D] —, U-HAMC/U].

Proof. The method is borrowed from [39].

Consider any instance of U-HAMP[D| or U-HAMCID], i.e., a directed
graph H = (X, A) on n vertices. We build the undirected graph G = (V| E),
the instance of U-HAMP|[U] or U-HAMC|U], as follows: every vertex z € X
is triplicated into three vertices = € V' (a minus-type vertezr), z* € V (a
star-type vertez) and ™ € V, linked by the edges 2~ 2* € FE and z*z" € E;
for every arc (z,y) € A is created the edge xTy~ in E. The graph G thus
constructed has order 3n.

We claim that there is a unique Hamiltonian cycle (respectively, path)
in G if and only if there is a unique directed Hamiltonian cycle (respectively,
path) in H.

(1) Assume first that H admits a directed Hamiltonian cycle < zjx2 ...
Zn(z1) >. Then

+
n—1

<zyaiarfayaiad . oxt xyakat(a]) >
is a Hamiltonian cycle in G. Moreover, two different directed Hamiltonian
cycles in H provide two different Hamiltonian cycles in G.

Conversely, assume that G admits a Hamiltonian cycle HC. This cycle
must go through all the star-type vertices x*, so it necessarily goes through

all the edges z~2* and xz*2™. Without loss of generality, HC reads:
HC =< zyxizzy abag . ab jx,ahal(a]) > (6)

indeed, we may assume that we “start” with the edge x %, then ziz{;
now, because the edges which have no star-type vertex as one of their ex-
tremities are necessarily of the type 7y ™, the other neighbour of xf is a
minus-type vertex, say x, ; step by step, we see that HC has necessarily the
previous form (6). Now we claim that < x12z9...2,—12,(x1) > is a directed
Hamiltonian cycle in H.

Indeed, for every ¢ € {1,...,n — 1}, the edge a::rzz;;rl in G implies the
existence of the arc (z;, x;+1) in H; the same is true for the arc (2, z1) in H,
thanks to the edge z;fz] in G. Furthermore, observe that two different
Hamiltonian cycles in G provide two different directed Hamiltonian cycles
in H.

So, G admits a unique Hamiltonian cycle if and only if H admits a unique
directed Hamiltonian cycle.
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(2) Exactly the same argument works with paths, apart from the fact
that we need not consider the arc (z,,21) in H, nor the edge z;'z] in G. A

Proposition 101 There exists a polynomial reduction from U-HAMP[U] to
U-HAMC[U]: U-HAMP[U] —, U-HAMC/U].

Proof. We start from an undirected graph G = (V| E') which is an instance
of U-HAMP[U] and build a graph which is an instance of U-HAMCIU] by
adding the extra vertex y, together with all the edges xy, x € V. This
transformation is polynomial and clearly preserves the number of solutions,
in particular the uniqueness. A

Theorem 102 There exists a polynomial reduction from U-HAMC[U] to
U-SAT: U-HAMC/[U] —, U-SAT.

Proof. We start from an instance of U-HAMCI[U], an undirected graph
G = (V,E) with V.= {z',...,2IV}; we assume that |[V| > 3. We create
the set of variables X = {2 : 1 < j < [V[,1 <@ <|V]} and the following
clauses:

(a1) for 1 < i < |V, clauses of size |V|: {2, 2%,.. .,xliv‘};

(ag) for 1 < i <|V|,1<j < j <|V], clauses of size two: {f;,f;,},

(b1) for 1 < j < |V|, clauses of size |V|: {x], R \jV\}

(be) for 1 <i < i <|V|, 1< 5 <|V], clauses of size two: {xj, J

(c) for 1 < i < i’ <|V| such that z'z? ¢ E, for 1 < j < |V], clauses of

size two: {fz,fg 41} and {f},f?ﬁl}, with computations carried modulo |V|;
(di) {z1};

(dg) for 2 < j < j' <|V], clauses of size two: {fi,,fi}

Assume that we have a unique Hamiltonian cycle in G, HC1 =< aPraP2zP3 | ..
aPVI=1gPIVi(zP1) >. Note that for the time being, we could also write
HCy =< aPraPIVigPivi-1 [ aP3gP2(gP1) > or “start” on a vertex other than
Pt cf. Introduction. This is why, without loss of generality, we set p; = 1,
i.e., we “fix” the first vertex, and we also choose the “direction” of the cycle,
by deciding, e.g., that x? appears “before” 22 in the cycle —cf. (di)-(dz).
Define the assignment 4; by A; (mgq) =T for 1 < ¢ < |V|, and all the other
variables are set FALSE by A;. We claim that A; satisfies all the clauses.

(a1) for 1 <4 < |V|, if the vertex 2’ has position j in the cycle, then
the variable x; satisfies the clause; (ag) if {f;, fz,} is not satisfied by A; for
some i, j,j', then Aj(z%) = Ay (a:é,) =T, which means that the vertex z
appears at least twice in the cycle;
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(by) for 1 < j < |V], if the position j is occupied by the vertex z‘, then
the variable iL‘; satisfies the clause; (bg) if {T},f}l} is not satisfied by A; for
some 1,1, j, then two different vertices are the j-th vertex in the cycle.

(c) If one of the two clauses is not satisfied, say the first one, then the
positions j and j + 1 in the cycle are occupied by two vertices not linked by
any edge in G.

(dy) {x1} is satisfied by A; thanks to the assumption on the first vertex
of the cycle; (dsg) if for some j < 5, the clause {TJQ»,,T? } is not satisfied, then
3 occupies a position j smaller than the position j' of 22, which
contradicts our assumption on 2% and 3.

Is A; unique? Assume on the contrary that another assignment, As,
also satisfies the constructed instance of U-SAT. Then by (a;) and (ag),
for every i € {1,...,|V]}, there is at least, then at most, one j = j(i)
such that Az(l';-) =T; by (b1) and (bz), for every j € {1,...,|V]}, there is
at least, then at most, one i = i(j) such that .Ag(a:;) =T, so we have “a
place for everything and everything in its place”, with exactly |V'| variables
which are TRUE by A2 and an ordering of the vertices according to the
one-to-one correspondence given by As: the vertex z! is on position j if and
only if AQ(.CC;) =T. Next, thanks to the clauses (c), two vertices following
each other in this ordering, including the last and first ones, are necessarily
neighbours, so that this ordering is a Hamiltonian cycle, HCs. Since we have
assumed the uniqueness of the Hamiltonain cycle HC1 in G, the two cycles
can differ only by their starting points or their “directions”. However these
differences are ruled out by the clauses (d;) and (dz), so that the two cycles
coincide vertex to vertex, and A; = As. So a YES answer for U-HAMC|[U]
leads to a YES answer for U-SAT.

Assume now that the answer to U-HAMCIU] is negative. If it is negative
because there are at least two Hamiltonian cycles, then we have at least two
assignments satisfying the instance of U-SAT: we have seen above how to
construct a suitable assignment from a cycle, and different cycles obviously
lead to different assignments. If there is no Hamiltonian cycle, then there
is no assignment satisfying U-SAT, because such an assignment would give
a cycle, as we have seen above with As. So in both cases, a NO answer to
U-HAMCIU] implies a NO answer to U-SAT. A

the vertex =

Gathering all our previous results, we obtain the following theorem.

Theorem 103 For every integer k > 3, the decision problems U-SAT,
U-k-SAT and U-1-3-SAT have the same complezity as U-HAMP[U], U-
HAMC[U], U-HAMP[O], U-HAMC[O], U-HAMP/[D], and U-HAMC|[D], up
to polynomials. Therefore,
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PNEhard Unique Optimal Travelling Salesman

Figure 30: Some classes of complexity: Figure 23 re-visited.

(a) U-HAMP[U], U-HAMC|[U], U-HAMP[O], U-HAMC[O], U-HAMP/D],
and U-HAMC/D] are NP-hard (and co-NP-hard by Remark 87);

(b) U-HAMP[U], U-HAMC|U], U-HAMP[O], U-HAMC|O], U-HAMP/D],
and U-HAMC/D] belong to the class DP. A

Note that the membership to DP could have been proved directly.

16 Conclusion

By Theorem 103, for every integer k > 3, the three decision problems U-
SAT, U-k-SAT, U-1-3-SAT have the same complexity, up to polynomials, as
the problem of the uniqueness of a path or of a cycle in a graph, undirected,
directed, or oriented; all are NP-hard (and co- NP-hard by Remark 87) and
belong to the class DP, and it is thought that they are not DP-complete.
Anyway, they can be found somewhere in the hatched area of Figure 30.

Open problem. Find a better location for any of these problems inside
the hierarchy of complexity classes.

In [8], the authors wonder whether

(A) U-SAT is NP-hard, but here we believe that what they mean is:
does there exist a polynomial reduction from an NP-complete problem to
U-SAT? i.e., they use the second definition of NP-hardness;

finally, they show that (A) is true if and only if

112



(B) U-SAT is DP-complete.

So, if one is careless and considers that U-SAT is NP-hard without checking
according to which definition, one might easily jump too hastily to the con-
clusion that U-SAT is DP-complete, which, to our knowledge, is not known
to be true or not. As for U-3-SAT, we do not know where to locate it more
precisely either; in [10] the problems U-k-SAT and more particularly U-3-
SAT are studied, but it appears that they are versions where the given set
of clauses has zero or one solution, which makes quite a difference with our
problem.
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